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Chapter 1
Introduction
Let L be a Lie algebra over a field F of positive characteristic p . Recall that L is called restricted if
L affords a p-map that satisfies the following conditions for all x, y ∈ L and λ ∈ F
1. (λx)[p] = λpx[p] ;
2. (adx)p = ad (x[p]);
3. (x+ y)[p] = x[p] + y[p] +
∑p−1
j=1 sj(x, y),
where jsj(x, y) is the coefficient of t
j−1 in (ad (tx+ y))p−1(x), t an indeterminate.
Recall that a restricted Lie algebra L is called p-nilpotent, if there exists an integer n such that
x[p]
n
= 0, for all x ∈ L . The purpose of this paper is to classify all p-nilpotent restricted Lie algebras
of dimension 5 over perfect fields of characteristic p > 5. It follows from the Engel Theorem that if
L is finite-dimensional and p-nilpotent then L is nilpotent. Our work builds upon the recent work of
Schneider and Usefi [13] on the classification of p-nilpotent restricted Lie algebras of dimension up to 4
over perfect fields of characteristic p . Our method is different than what is used in [13] as we describe
below. The analogous classification for small dimensional nilpotent Lie algebras has a long history.
The classification of all nilpotent Lie algebras of dimension up to five over any field has been known for
a long time. However, in dimension 6, the characterization depends on the underlying field. In 1958
Morozov [9] gave a classification of nilpotent Lie algebras of dimension 6 over a filed of characteristic
zero, see also [1, 10, 8] for a classification over other fields. These classifications, however, differ and
it was not easy to compare them until recently that de Graaf [5] gave a complete classification over
any field of characteristic other than 2. de Graaf’s approach can be verified computationally and was
later revised and extended to characteristic 2 in [2]. The classification in dimensions more than 6 is
still in progress, see for example [14, 11].
We now describe the method used in [13] and explain why this method is not applicable in dimen-
sion 5. Note that in order to define a p-map on L , it is enough to define it on a basis of L and then
extend it linearly using property (3). Let ϕ1, ϕ2 : L→ L be two p-maps on L . Then the restricted
Lie algebras (L,ϕ1) and (L,ϕ2) are isomorphic if and only if there exists A ∈ Aut(L) such that
A(ϕ1(x)) = ϕ2(A(x)) holds for all x ∈ L.
Hence, ϕ1 and ϕ2 define isomorphic restricted Lie algebras if and only if there exists A ∈ Aut(L)
such that Aϕ1A
−1 = ϕ2 ; that is, they are conjugate under the automorphism group of L . In this
case we say that the p-maps ϕ1 and ϕ2 are equivalent. This defines a left action of Aut(L) on the
1
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set of p-maps and the isomorphism classes of restricted Lie algebras correspond to the Aut(L)-orbits
under this action. The main task using this approach would be then to find the Aut(L)-orbits. This is
exactly what the authors did in [13] to determine all p-nilpotent restricted Lie algebras of dimension
up to 4 over perfect fields. However, this task becomes computationally infeasible to carry out in
dimension 5.
The method we use to classify p-nilpotent restricted Lie algebras of dimension 5 is the analogue
of Skjelbred-Sund method [15] for classifying nilpotent Lie algebras. We describe this method below.
Let L be a restricted Lie algebra and M a vector space. We view M as a trivial L -module and define
Z2(L,M), the space of 2-cocycles, and the second cohomology group H2(L,M) of L with coefficients
in M in Section 2.1.1. Let θ = (φ, ω) ∈ Z2(L,M). We set Lθ = L⊕M as a vector space and define
the Lie bracket and p-map on Lθ by:
[(x1 +m1), (x2 +m2)] = [x1, x2] + φ(x1, x2), (x+m)
[p] = x[p] + ω(x).
We prove in Theorem 2.2.1 that Lθ with the given bracket and p-map is a restricted Lie algebra.
Now let K be a p-nilpotent restricted Lie algebra. Then its center Z(K) is nonzero and there exists
x ∈ Z(K) such that x[p] = 0. Let M be the one dimensional restricted ideal of K spanned by x ,
and set L = K/M . Let π : K → L be the projection map. We have the exact sequence of restricted
Lie algebras:
0→M → K → L→ 0.
Choose an injective linear map σ : L → K such that πσ = 1L . Define φ : L × L → M by
φ(x1, x2) = [σ(x1), σ(x2)] − σ([x1, x2]) and ω : L → M by ω(x) = σ(x)
[p] − σ(x[p]). We show in
Theorem 2.2.2 that θ = (φ, ω) ∈ Z2(L,M) and K ∼= Lθ . Therefore, any p-nilpotent restricted Lie
algebra K of dimension n can be constructed as a central extensions of a p-nilpotent restricted Lie
algebras of dimension n− 1.
Now, the group Autp(L) of restricted automorphisms of L acts on H
2(L,M) in a natural way. Let
A ∈ Autp(L) and θ = (φ, ω) ∈ Z
2(L,M). We define Aθ = (Aφ,Aω), where Aφ(x, y) = φ(A(x), A(y))
and Aω(x) = ω(A(x)). Let θ1, θ2 ∈ Z
2(L,M). It follows from Theorem 2.3.5 that if θ1 and θ2 are in
the same Autp(L)-orbit then exists an isomorphism f : Lθ1 → Lθ2 such that f(M) = M . Therefore,
we use the action of Autp(L) to reduce the number of isomorphic restricted Lie algebras.
There are nine nilpotent Lie algebras of dimension 5 listed in Theorem 2.3.1. Let K be a nilpotent
Lie algebra of dimension 5. Since the p-maps are p-nilpotent, there exists a central element x ∈ K
such that x[p] = 0. Then we let L = K/〈x〉 and find all 1-dimensional central extensions of L that
lead to K . That is, we choose those θ = (φ, ω) ∈ Z2(L,F) such that Lθ is isomorphic as a Lie algebra
to K . Then we list all possible p-maps that are obtained via different choices of θ and x . We still
need to detect and remove the isomorphic algebras from this list. Finally, we shall prove that the
remaining algebras in the list are pairwise non-isomorphic.
If p > 5, then every p-map on K is semilinear and it is easier to construct a basis for H2(L,F)
as described in Section 2.4. However, for the cases that p = 2 or p = 3, the p-maps are no longer
semilinear and we have to come up with a different way of finding a basis for H2(L,F). This difference
in turn changes the computations and results in possibly different restricted Lie algebra structures on
K . We shall treat the cases of p = 2, 3 in a subsequent paper.
A compact version of this work is available at [4]. We thank Csaba Schneider and Behrang Noohi
for valuable discussions and comments.
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Chapter 2
Preliminaries
2.1 Restricted Lie algebras
Throughout this paper F denotes a perfect filed of characteristic p > 5 although most of the material
presented in this section is valid over any p > 0. For basic notation we refer to [16].
2.1.1 Restricted Lie algebras
Definition 2.1.1 A restricted Lie algebra of characteristic p > 0 is a Lie algebra L of characteristic
p together with a map L→ L , denoted by x 7→ x[p] , that satisfies
• (λx)[p] = λpx[p] ,
• (x+ y)[p] = x[p] + y[p] +
∑p−1
j=1 sj(x, y)
where jsj(x, y) is the coefficient of t
j−1 in (ad (tx+ y))p−1(x) , t an indeterminate,
• [x, y[p]] = [x, y, . . . , y︸ ︷︷ ︸
p
],
for all x, y ∈ L and all λ ∈ F .
The map x 7→ x[p] is referred to as the p-map. We remark that the second property is equivalent to
(x+ y)[p] = x[p] + y[p] +
∑
xj=x or y
x1=x,x2=y
1
#x
[x1, x2, . . . , xp],
where #x denotes the number of x ’s among the xj . Note that long commutators are left-tapped,
that is
[x1, . . . , xk, xk+1] = [[x1, . . . , xk], xk+1].
For a subset S of L , we denote by 〈S〉p the restricted subalgebra of L generated by S and by
〈S〉
F
the subspace spanned by S . Also, we denote by S[p]
n
the restricted subalgebra generated by
all x[p]
n
, where x ∈ S . Recall that S is called p-nilpotent if there exists an integer n such that
S[p]
n
= 0.
5
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If L is a Lie algebra over F and M is vector space, a q -dimensional cochain of L with coefficients in
M is a skew-symmetric, q -linear map on L taking values in M . We denote the space of q -dimensional
cochains of a Lie algebra L with coefficients in M by Cqcl(L,M). So, we have
Cqcl(L,M) = HomF(Λ
qL,M).
The coboundary map δq : Cqcl(L,M)→ C
q+1
cl (L,M) is defined by
(δqφ)(ℓ1, . . . , ℓq+1) =
∑
1≤s<t≤q+1
(−1)s+t−1φ([ℓs, ℓt], ℓ1, . . . , ℓ̂s, . . . , ℓ̂t, . . . , ℓq+1),
where the symbol ℓ̂s indicates that this term is to be omitted.
Definition 2.1.2 Let L be a restricted Lie algebra over F and M a vector space. If φ ∈ C2
cl
(L,M)
and ω : L→M a function, we say ω has the ⋆-property with respect to φ if for every x, y ∈ L and
λ ∈ F , we have
1. ω(λx) = λpω(x)
2. ω(x+ y) = ω(x) + ω(y) +
∑
xj=x or y
x1=x,x2=y
1
#x
φ([x1, x2, . . . , xp−1], xp) , where #x is the number of x.
Now, we define the space of 2-dimensional cochains of a restricted Lie algebra L with coefficients
in M as the subspace spanned by all (φ, ω) such that φ is skew-symmetric and ω : L→ M has the
⋆ -property with respect to φ . We denote this vector space by C2(L,M). Evidently if ω and ω′ have
the ⋆ -property with respect to φ and φ′ respectively, then ω + ω′ has the ⋆ -property with respect
to φ + φ′ , and hence C2(L,M) is a vector space over F by point wise addition in each coordinate.
We have adopted Definition 2.1.2 from [7]. However, definition of ⋆ -property in the whole generality
given in [7] is ambiguous.
Lemma 2.1.3 Let M be a vector space and ψ : L→M a linear map. Then ψ˜ : L→M defined by
ψ˜(x) = ψ(x[p]) has the ⋆-property with respect to δ1ψ .
Proof. Since ψ[x1, . . . , xp] = (δ
1ψ)([x1, . . . , xp−1], xp), we have
ψ˜(x+ y) = ψ((x+ y)[p]) = ψ(x[p]) + ψ(y[p]) + ψ(
∑
xj=x or y
x1=x,x2=y
1
#x
[x1, x2, . . . , xp])
= ψ(x[p]) + ψ(y[p]) +
∑
xj=x or y
x1=x,x2=y
1
#(x)
(δ1ψ)([x1, . . . , xp−1], xp),
for every x, y ∈ L . 
Let Z2(L,M) be the set consisting of all (φ, ω) ∈ C2(L,M) such that δ2φ = 0 and
φ(x, y[p]) = φ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y),
for all x, y ∈ L . The elements of Z2(L,M) are called cocycles. Also, let B2(L,M) be the set
consisting of all (φ, ω) ∈ C2(L,M) such that there exists ψ ∈ C1cl(L,M) satisfying δ
1ψ = φ and
ψ˜ = ω . The elements of B2(L,M) are called coboundaries. It is easy to see that Z2(L,M) and
B2(L,M) are subspaces of C2(L,M).
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Theorem 2.1.4 B2(L,M) ⊆ Z2(L,M), so that, the quotient
H2(L,M) = Z2(L,M)/B2(L,M)
is well-defined.
Proof. Let (δ1ψ, ψ˜) ∈ B2(L,M). First, We claim that δ2δ1ψ = 0. Indeed, for all x, y, z ∈ L, we
have
δ2δ1ψ(x, y, z) =δ1ψ([x, y], z) + δ1ψ([y, z], x) + δ1ψ([z, x], y)
=ψ([[x, y], z]]) + ψ([[y, z], x]]) + ψ([[z, x], y]])
=ψ([[x, y], z]] + [[y, z], x]] + [[z, x], y]]),
which is equal to zero by jaccobi identity. Next, we claim that
(δ1ψ)(x, y[p]) = (δ1ψ)([x, y, ..., y︸ ︷︷ ︸
p−1
], y),
for all x, y ∈ L . Indeed, for all x, y ∈ L , we have
(δ1ψ)(x, y[p])− (δ1ψ)([x, y, . . . , y︸ ︷︷ ︸
p−1
], y) =ψ[x, y[p]]− ψ([x, y, . . . , y︸ ︷︷ ︸
p
])
=ψ([x, y[p]]− [x, y, . . . , y︸ ︷︷ ︸
p
])
=0.
The proof is complete. 
We call H2(L,M) the second cohomology group of L with coefficients in M . Let θ = (φ, ω) ∈
Z2(L,M). Then we denote by [θ] the image of θ in H2(L,M).
Definition 2.1.5 A restricted Lie algebra M is called strongly abelian if [M,M ] = 0 and M [p] = 0 .
2.2 Constructing p-nilpotent restricted Lie algebras
Let L be a restricted Lie algebra, M a vector space and θ = (φ, ω) ∈ Z2(L,M). We construct a
restricted extension of L by M as follows.
Lemma 2.2.1 Let Lθ = L⊕M as a vector space and define the Lie bracket and p-map on Lθ by:
[(x1 +m1), (x2 +m2)] = [x1, x2] + φ(x1, x2), (x+m)
[p] = x[p] + ω(x).
Then Lθ with the given bracket and p-map is a resticted Lie algebra.
Proof. The bracket is clearly bilinear and skew symmetric and it is well known that the jaccobi
identity is equivalent to δ2φ = 0. We claim that L is restricted with the given p-map. Let
x1, . . . , xk+1 ∈ L , m1, . . .mk+1 ∈M . Note that by induction we have
[x1 +m1, x2 +m2, . . . , xk+1 +mk+1] = [x1, . . . , xk+1] + φ([x1, . . . , xk], xk+1). (2.1)
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Now, we have
[x1 +m1, (x2 +m2)
[p]] =[x1 +m1, x
[p]
2 + ω(x)]
=[x1, x
[p]
2 ] + φ(x1, x
[p]
2 ).
On the other hand,
[x1 +m1, x2 +m2, . . . , x2 +m2︸ ︷︷ ︸
p
] = [x1, x2, . . . , x2︸ ︷︷ ︸
p
] + φ([x1, x2, . . . , x2︸ ︷︷ ︸
p−1
], x2),
by equation (2.1). We have
φ(x1, x
[p]
2 ) = φ([x1, x2, . . . , x2︸ ︷︷ ︸
p−1
], x2),
also we have
[x1, x
[p]
2 ] = [x1, x2, . . . , x2︸ ︷︷ ︸
p
].
Therefore,
[x1 +m1, (x2 +m2)
[p]] = [x1 +m1, x2 +m2, . . . , x2 +m2︸ ︷︷ ︸
p
].
Next, we have
(λ(x +m))[p] = (λx + λm)[p] = (λx)[p] + ω(λx) =λpx[p] + λpω(x)
=λp(x[p] + ω(x))
=λp(x+m)[p].
Finally, we have
((x1 +m1) + (x2 +m2))
[p] =((x1 + x2) + (m1 +m2))
[p]
=(x1 + x2)
[p] + ω(x1 + x2)
=x
[p]
1 + x
[p]
2 +
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
[xl1 , xl2 , . . . , xlp ]
+ ω(x1) + ω(x2) +
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
φ([xl1 , xl2 , . . . , xlp−1 ], xlp).
On the other hand,
(x1 +m1)
[p] + (x2 +m2)
[p] +
∑
lj=1 or 2
l1=1,l2=2
1
#(x1 +m1)
[xl1 +ml1 , xl2 +ml2 , . . . , xlp +mlp ]
= x
[p]
1 + ω(x1) + x
[p]
2 + ω(x2) +
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
[xl1 , xl2 , . . . , xlp ]
+
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
φ([xl1 , xl2 , . . . , xlp−1 ], xlp),
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by equation (2.1). Therefore,
((x1 +m1) + (x2 +m2))
[p] = (x1 +m1)
[p] + (x2 +m2)
[p]
+
∑
lj=1 or 2
l1=1,l2=2
1
#x1 +m1
[xl1 +ml1 , xl2 +ml2 , . . . , xlp +mlp ].
The proof is complete. 
Now let K be a restricted Lie algebra, and suppose that its center Z(K), is nonzero. Let 0 6= M ⊆
Z(K) such that M [p] = 0, and set L = K/M . Let π : K → L be the projection map. We have the
exact sequence
0→M → K → L→ 0.
Choose an injective linear map σ : L → K such that πσ = 1L . Note that we can easily show that
π([σ(xi), σ(xj)]− σ([xi, xj ])) = 0, for every xi, xj ∈ L and π(σ(x)
[p] − σ(x[p])) = 0, for every x ∈ L .
Therefore,
[σ(xi), σ(xj)]− σ([xi, xj ]), σ(x)
[p] − σ(x[p]) ∈M,
for every xi, xj , x ∈ L . Now, we define φ : L× L→M by φ(xi, xj) = [σ(xi), σ(xj)]− σ([xi, xj ]) and
ω : L→M by ω(x) = σ(x)[p] − σ(x[p]). With these notation, we have:
Lemma 2.2.2 Let θ = (φ, ω) . Then θ ∈ Z2(L,M) and K ∼= Lθ .
Proof. It is easy to see that φ is a bilinear and skew-symmetric form on L . We claim that ω has
the ⋆ -property with respect to φ . Indeed:
ω(x1 + x2) =(σ(x1 + x2))
[p] − σ((x1 + x2)
[p])
=(σ(x1) + σ(x2))
[p] − σ(x
[p]
1 + x
[p]
2 +
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
[xl1 , xl2 , . . . , xlp ])
=σ(x1)
[p] + σ(x2)
[p] +
∑
lj=1 or 2
l1=1,l2=2
1
#σ(x1)
[σ(xl1 ), σ(xl2 ), . . . , σ(xlp)])
−σ(x
[p]
1 )− σ(x
[p]
2 )−
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
σ([xl1 , xl2 , . . . , xlp ])
=ω(x1) + ω(x2) +
∑
lj=1 or 2
l1=1,l2=2
1
#x1
[σ(xl1 ), σ(xl2 ), . . . , σ(xlp)])
−
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
σ([xl1 , xl2 , . . . , xlp ]).
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Since φ(x, y) ∈M ⊆ Z(L), we have
σ([xl1 , xl2 , . . . , xlp ])
= [σ([xl1 , xl2 , . . . , xlp−1 ]), σ(xlp)]− φ([xl1 , xl2 , . . . , xlp−1 ], xlp)
= [[σ([xl1 , xl2 , . . . , xlp−2 ]), σ(xlp−1 )]− φ([xl1 , xl2 , . . . , xlp−2 ], xlp−1), σ(xlp)]
− φ([xl1 , xl2 , . . . , xlp−1 ], xlp)
= [[σ([xl1 , xl2 , . . . , xlp−2 ]), σ(xlp−1 )], σ(xlp)]− φ([xl1 , xl2 , . . . , xlp−1 ], xlp).
If we repeat this procedure, we obtain that
σ([xl1 , xl2 , . . . , xlp ]) = [σ(xl1 ), σ(xl2), . . . , σ(xlp)])− φ([xl1 , xl2 , . . . , xlp−1 ], xlp).
Therefore, we have
ω(x1 + x2) = ω(x1) + ω(x2) +
∑
xlj
=x1 or x2
xl1
=x1,xl2
=x2
1
#x1
φ([xl1 , xl2 , . . . , xlp−1 ], xlp).
Next, we claim that δ2φ = 0. Indeed, for all x, y, z ∈ L , we have
(δ2φ)(x, y, z) =φ([x, y], z) + φ([y, z], x) + φ([z, x], y)
=[σ([x, y]), σ(z)] − σ([[x, y], z]) + [σ([y, z]), σ(x)] − σ([[y, z], x])
+[σ([z, x]), σ(y)] − σ([[z, x], y])
=[σ([x, y]), σ(z)] + [σ([y, z]), σ(x)] + [σ([z, x]), σ(y)]
−σ([[x, y], z] + [[y, z], x] + [[z, x], y]).
By jaccobi identity, [x, y, z] + [y, z, x] + [z, x, y] = 0. Therefore,
δ2φ(x, y, z)
= [σ([x, y]), σ(z)] + [σ([y, z]), σ(x)] + [σ([z, x]), σ(y)]
= [[σ(x), σ(y)] − φ(x, y), σ(z)] + [[σ(y), σ(z)]− φ(y, z), σ(x)]
+ [[σ(z), σ(x)] − φ(z, x), σ(y)]
= [[σ(x), σ(y)], σ(z)] − [φ(x, y), σ(z)] + [[σ(y), σ(z)], σ(x)] − [φ(y, z), σ(x)]
+ [[σ(z), σ(x)], σ(y)] − [φ(z, x), σ(y)]
= [[σ(x), σ(y)], σ(z)] + [[σ(y), σ(z)], σ(x)] + [[σ(z), σ(x)], σ(y)],
which is equal to zero by jaccobi identity.
Finally, we claim that φ(x, y[p]) = φ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y), for all x, y ∈ L . Indeed:
φ(x, y[p])− φ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y)
= [σ(x), σ(y[p])]− σ([x, y[p]])− [σ([x, y, . . . , y︸ ︷︷ ︸
p−1
]), σ(y)] + σ([x, y, . . . , y︸ ︷︷ ︸
p
])
= [σ(x), σ(y[p])]− [σ([x, y, . . . , y︸ ︷︷ ︸
p−1
]), σ(y)] + σ([x, y, . . . , y︸ ︷︷ ︸
p
]− [x, y[p]])
= [σ(x), σ(y[p])]− [σ([x, y, . . . , y︸ ︷︷ ︸
p−1
]), σ(y)].
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We have
[σ([x, y, . . . , y︸ ︷︷ ︸
p−1
]), σ(y)] =[[σ([x, y, . . . , y︸ ︷︷ ︸
p−2
]), σ(y)]− φ([x, y, . . . , y︸ ︷︷ ︸
p−2
], y), σ(y)]
=[[σ([x, y, . . . , y︸ ︷︷ ︸
p−2
]), σ(y)], σ(y)].
If we repeat this procedure, we obtain that
[σ([x, y, . . . , y︸ ︷︷ ︸
p−1
]), σ(y)] = [σ(x), σ(y), . . . , σ(y)︸ ︷︷ ︸
p
]
= [σ(x), (σ(y))[p] ].
Therefore,
φ(x, y[p])− φ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y)
= [σ(x), σ(y[p])]− [σ(x), (σ(y))[p]]
= [σ(x), σ(y)[p] − ω(x)]− [σ(x), (σ(y))[p]]
= [σ(x), σ(y)[p]]− [σ(x), (σ(y))[p]]
= 0.
Finally, we show that K ∼= Lθ . Let x ∈ K . Then there exist unique y ∈ L and z ∈M such that
x = σ(y) + z . Indeed, we can take z = x− σ(π(x)) and y = π(x). Since, π(z) = 0, we have z ∈M .
Define f : K → Lθ by f(x) = y + z . Then f is an isomorphism. Indeed:
f(x[p]) = f((σ(y) + z)[p]) = f
(
σ(y)[p] + z[p] +
∑
gj=σ(y) or z
g1=σ(y), g2=z
1
#(σ(y))
[g1, . . . , gp]
)
.
Since z ∈M , we have
z[p] = 0, and
∑
gj=σ(y) or z
g1=σ(y), g2=z
1
#(σ(y))
[g1, . . . , gp] = 0.
Thus,
f(x[p]) = f(σ(y)[p]) = f(σ(y[p]) + ω(y)) = y[p] + ω(y) = y[p] + σ(y)[p] − σ(y[p]).
On the other hand, we have
f(x)[p] = (y + z)[p] = y[p] + ω(y) = y[p] + σ(y)[p] − σ(y[p]).
Thus, f(x[p]) = f(x)[p] .
Similarly we can show that f([x, y]) = [f(x), f(y)] . 
We conclude that any p-nilpotent restricted Lie algebra K of dimension n can be constructed
from a restricted Lie algebra of lower dimension.
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Lemma 2.2.3 Let θ = (φ, ω) ∈ Z2(L,M) and η = (ν, ξ) ∈ B2(L,M) . Then we have Lθ ∼= Lθ+η .
Proof. We have η = (ν, ξ) ∈ B2(L,M). Therefore, there exits ψ ∈ C1cl(L,M) such that δ
1(ψ) = ν
and ψ˜ = ξ . Note that f : Lθ → Lθ+η such that f(x) = x + ψ(x) for x ∈ L and f(m) = m for
m ∈M is an isomorphism. Indeed, let x1, x2 ∈ L and m1,m2 ∈M . Then we have
f([x1 +m1, x2 +m2]) = f([x1, x2] + φ(x1, x2)) = [x1, x2] + ψ([x1, x2]) + φ(x1, x2).
On the other hand, we have
[f(x1 +m1), f(x2 +m2)] = [x1 + ψ(x1) +m1, x2 + ψ(x2) +m2] = [x1, x2] + (φ+ ν)(x1, x2) =
[x1, x2] + ψ([x1, x2]) + φ(x1, x2).
Therefore, f([x1 +m1, x2 +m2]) = [f(x1 +m1), f(x2 +m2)] . Also, we have
f((x1 +m1)
[p]) = f(x
[p]
1 + ω(x1)) = x
[p]
1 + ψ(x
[p]
1 ) + ω(x1).
On the other hane, we have
f(x1 +m1)
[p] = (x1 + ψ(x1) +m1)
[p] = x
[p]
1 + (ω + ξ)(x1) = x
[p]
1 + ψ(x
[p]
1 ) + ω(x1).
Therefore, f((x1 +m1)
[p]) = f(x1 +m1)
[p] . 
2.3 Strategy
In this section we describe our strategy to find a (possibly redundant but complete) list of all possible
p-nilpotent p-maps on a given nilpotent Lie algebra K . Since the p-maps are p-nilpotent, there
exists z ∈ Z(K) such that z[p] = 0. We let M = 〈z〉p and L = K/M . We know from Theorem
2.2.2 that K ∼= Lθ , for some θ ∈ Z
2(L,M). Hence, we can construct every restricted Lie algebra of
dimension n from a restricted Lie algebra of dimension n− 1 via a cocycle.
For our purpose, we need the list of all 5-dimensional nilpotent Lie algebras and the list of all
p-nilpotent restricted Lie algebras of dimension 4. For reader’s convenience, we include these lists
below.
Theorem 2.3.1 ([5]) The isomorphism class of all nilpotent Lie algebras of dimension 5 over an
arbitrary field is as follows:
• L5,1 = abelian ;
• L5,2 = 〈x1, . . . , x5 | [x1, x2] = x3〉 ;
• L5,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉 ;
• L5,4 = 〈x1, . . . , x5 | [x1, x2] = x5, [x3, x4] = x5〉 ;
• L5,5 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5〉 ;
• L5,6 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5〉 ;
• L5,7 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5〉 ;
• L5,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉 ;
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• L5,9 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉 .
Theorem 2.3.2 ([13]) Let L be a nilpotent Lie algebra of dimension 4 over a perfect field F of
characteristic p > 5 . Then the equivalence classes of the [p]-maps on L are as follows.
(a) If L = 〈x1, x2, x3, x4〉 , then
1. Trivial p-map;
2. x
[p]
1 = x2 ;
3. x
[p]
1 = x2 , x
[p]
3 = x4 ;
4. x
[p]
1 = x2 , x
[p]
2 = x3 ;
5. x
[p]
1 = x2 , x
[p]
2 = x3 , x
[p]
3 = x4 .
(b) If L = 〈x1, x2, x3, x4 | [x1, x2] = x3〉 , then
1. Trivial p-map;
2. x
[p]
1 = x3 ;
3. x
[p]
1 = x4 ;
4. x
[p]
1 = x3 , x
[p]
2 = x4 ;
5. x
[p]
3 = x4 ;
6. x
[p]
3 = x4 , x
[p]
2 = x3 ;
7. x
[p]
4 = x3 ;
8. x
[p]
4 = x3 , x
[p]
2 = x4 .
(c) If L = 〈x1, x2, x3, x4 | [x1, x2] = x3, [x1, x3] = x4〉 , then
1. Trivial p-map;
2. x
[p]
1 = x4 ;
3. x
[p]
3 = x4 ;
4. x
[p]
2 = ξx4 , where ξ ∈ F
∗ and ξ1 and ξ2 represent isomorphic algebras if and only if ξ1ξ
−1
2
is a square in F .
Next, we need to determine when Lθ1
∼= Lθ2 , for θ1, θ2 ∈ Z
2(L,M). We will do this in Theorem
2.3.5 which involves an action of Autp(L) on H
2(L,M) that we need to address first. Here, Autp(L)
denotes the group of restricted automorphisms of L . The group of automorphisms of L where L is
just considered as a Lie algebra is denoted by Aut(L).
So, let L is a restricted Lie algebra and M a strongly abelian restricted Lie algebra which is
considered as a trivial L-module. Let A ∈ Autp(L) and θ = (φ, ω) ∈ Z
2(L,M). We define Aθ =
(Aφ,Aω), where Aφ(x, y) = φ(A(x), A(y)) and Aω(x) = ω(A(x)). With these definitions we have:
Lemma 2.3.3 Let A ∈ Autp(L) and θ ∈ Z
2(L,M) . Then Aθ ∈ Z2(L,M) . Furthermore, if θ ∈
B2(L,M) then Aθ ∈ B2(L,M) .
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Proof. It is easy to see that Aφ is skew symmetric and bilinear map. Since δ2φ = 0, we have
δ2Aφ(x, y) = δ2φ(A(x), A(y)) = 0,
which implies that δ2Aφ = 0. Also, Aω satisfies the ⋆ -property with respect to Aφ . To see this, let
x, x1, x2 ∈ L and λ ∈ F . Then we have,
Aω(λx) = ω(A(λx)) = ω(λA(x)) = λpω(A(x)) = λpAω(x),
and
Aω(x1 + x2) = ω(A(x1 + x2)) = ω(Ax1 +Ax2)
= ω(Ax1) + ω(Ax2) +
∑
Axj=Ax1orAx2
1
#(Ax1)
φ([Ax1, . . . , Axp−1], Axp)
= ω(Ax1) + ω(Ax2) +
∑
xj=x1orx2
1
#(x1)
φ(A[x1, . . . , xp−1], Axp)
= ω(Ax1) + ω(Ax2) +
∑
xj=x1orx2
1
#(x1)
Aφ([x1, . . . , xp−1], xp)
= Aω(x1) +Aω(x2) +
∑
xj=x1orx2
1
#(x1)
Aφ([x1, . . . , xp−1], xp).
We also have
Aφ(x, y[p])−Aφ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y)
= φ(A(x), A(y[p]))− φ(A([x, y, . . . , y︸ ︷︷ ︸
p−1
]), A(y))
= φ(A(x), A(y)[p])− φ(([A(x), A(y), . . . , A(y)︸ ︷︷ ︸
p−1
]), A(y))
= 0.
Now, we show that Autp(L) preserves B
2(L,M). Let (δψ, ψ˜) ∈ B2(L,M), where ψ : L → M is
linear. We have A(δψ, ψ˜) = (Aδψ,Aψ˜). Then
Aδψ(x, y) = δψ(Ax,Ay) = ψ([Ax,Ay]) = ψ(A[x, y]) = Aψ([x, y]) = δ(Aψ)(x, y), and
Aψ˜(x) = ψ˜(Ax) = ψ(A(x)[p]) = ψ(A(x[p])) = Aψ(x[p]) =
∼
(Aψ)(x).
So A(δψ, ψ˜) = (δ(Aψ),
∼
(Aψ)). 
It follows from Lemma 2.3.3 that Autp(L) acts on H
2(L,M). Now, let e1, . . . , es be a basis of
M and set θ = (φ, ω) ∈ Z2(L,M). Then
φ(x, y) =
s∑
i=1
φi(x, y)ei, and ω(x) =
s∑
i=1
ωi(x)ei.
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Lemma 2.3.4 For every i , we have (φi, ωi) ∈ Z
2(L,F) .
Proof. Since φ is skew symmetric and bilinear form, so is every φi . We claim that δ
2φi = 0. Indeed,
0 = δ2φ(x, y) =
∑s
i=1 δ
2φi(x, y)ei , implying that δ
2φi(x, y) = 0.
Now we show that ωi has ⋆ -property with respect φi . First note that ω(λx) = λ
pω(x). Thus,∑s
i=1 ωi(λx)ei = λ
p
∑s
i=1 ωi(x)ei and so ωi(λx) = λ
pωi(x). Furthermore, we have
ω(x+ y) = ω(x) + ω(y) +
∑
xj=xory
x1=x,x2=y
1
#(x)
φ([x1, . . . , xp−1], xp).
Therefore,
s∑
i=1
ωi(x+ y)ei
=
s∑
i=1
ωi(x)ei +
s∑
i=1
ωi(y)ei +
∑
xj=xory
x1=x,x2=y
1
#(x)
s∑
i=1
φi([x1, . . . , xp−1], xp)ei,
which implies that
ωi(x+ y) = ωi(x) + ωi(y) +
∑
xj=xory
x1=x,x2=y
1
#(x)
φi([x1, . . . , xp−1], xp).
Finally, we have
0 = φ(x, y[p])− φ([x, y, . . . , y︸ ︷︷ ︸
p-1
], y)
=
s∑
i=1
φi(x, y
[p])ei −
s∑
i=1
φi([x, y, . . . , y︸ ︷︷ ︸
p-1
], y)ei.
Therefore
φi(x, y
[p])− φi([x, y, ..., y︸ ︷︷ ︸
p-1
], y) = 0.
The proof is complete. 
Let θ1 = (φ, ω), θ2 = (ψ, η) ∈ Z
2(L,M) where
φ(x, y) =
s∑
i=1
φi(x, y)ei,
ψ(x, y) =
s∑
i=1
ψi(x, y)ei,
and ω(x) =
∑s
i=1 ωi(x)ei and η(x) =
∑s
i=1 ηi(x)ei . With these notation we have:
Lemma 2.3.5 There exists an isomorphism f : Lθ1 → Lθ2 with f(M) = M if and only if there is an
A ∈ Autp(L) such that the images of (Aψi, Aηi) ’s in H
2(L,F) span the same subspace of H2(L,F)
as the images of (φi, ωi) ’s.
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Proof. Let f : Lθ1 → Lθ2 be an isomorphism such that f(M) = M . Then f induces an isomorphism
of Lθ1/M to Lθ2/M , that is an automorphism of L . Denote this automorphism by A . Let L be
spanned by x1, . . . , xn . Then f(xi) = A(xi)+vi , for some vi ∈M . Furthermore, f(ei) =
∑s
j=1 ajiej ,
and vi =
∑s
l=1 βiℓeℓ . Also write [xi, xj ]L =
∑n
k=1 c
k
ijxk , and x
[p]
i =
∑n
k=1 bikxk . We claim that
ψl(A(xi), A(xj)) =
s∑
k=1
aℓkφk(xi, xj) +
n∑
k=1
ckijβkℓ. (2.2)
To prove the claim, we note that f([xi, xj ]Lθ1 ) = [f(xi), f(xj)]Lθ2 . Then
f([xi, xj ]Lθ1 ) = f([xi, xj ]L + φ(xi, xj)) = f([xi, xj ]L) + f(φ(xi, xj)),
where
f([xi, xj ]L) = f(
n∑
k=1
ckijxk) =
n∑
k=1
ckijf(xk) =
n∑
k=1
ckij(A(xk) + vk)
=
n∑
k=1
ckijA(xk) +
n∑
k=1
ckijvk,
and
f(φ(xi, xj)) = f(
s∑
k=1
φk(xi, xj)ek) =
s∑
k=1
φk(xi, xj)f(ek)
=
s∑
k=1
φk(xi, xj)
s∑
l=1
aℓkeℓ
=
s∑
l=1
s∑
k=1
aℓkφk(xi, xj)eℓ.
Therefore, we have
f([xi, xj ]Lθ1 ) =
n∑
k=1
ckijA(xk) +
n∑
k=1
ckijvk +
s∑
l=1
s∑
k=1
aℓkφk(xi, xj)eℓ
=
n∑
k=1
ckijA(xk) +
s∑
l=1
n∑
k=1
ckijβkℓeℓ +
s∑
l=1
s∑
k=1
aℓkφk(xi, xj)eℓ.
On the other hand, we have
[f(xi), f(xj)]Lθ2 = [A(xi) + vi, A(xj) + vj ]Lθ2
= [A(xi), A(xj)]L + ψ(A(xi), A(xj)),
where
[A(xi), A(xj)]L = A([xi, xj ]L) = A(
n∑
k=1
ckijxk) =
n∑
k=1
ckijA(xk),
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and
ψ(A(xi), A(xj)) =
s∑
l=1
ψℓ(A(xi), A(xj))eℓ.
Therefore, we have
[f(xi), f(xj)]Lθ2 =
n∑
k=1
ckijA(xk) +
s∑
l=1
ψℓ(A(xi), A(xj))eℓ.
As a result, we have
s∑
l=1
ψℓ(A(xi), A(xj))eℓ =
s∑
l=1
n∑
k=1
ckijβkℓeℓ +
s∑
l=1
s∑
k=1
aℓkφk(xi, xj)eℓ,
which implies that
ψℓ(A(xi), A(xj)) =
n∑
k=1
ckijβkℓ +
s∑
k=1
aℓkφk(xi, xj),
for 1 6 ℓ 6 s . This proves the claim. Next we claim that
ηℓ(A(xi)) =
n∑
k=1
bikβkℓ +
s∑
k=1
aℓkωk(xi), (2.3)
for every 1 6 ℓ 6 s . To prove the claim, we note that f(x
[p]
i ) = f(xi)
[p] . So,
f(x
[p]
i ) = f(ω(xi) + x
[p]
i ) = f(ω(xi)) + f(x
[p]
i ).
Now we have
f(ω(xi)) = f(
s∑
k=1
ωk(xi)ek) =
s∑
k=1
ωk(xi)f(ek) =
s∑
k=1
ωk(xi)
s∑
ℓ=1
aℓkeℓ
=
s∑
ℓ=1
s∑
k=1
aℓkωk(xi)eℓ,
and
f(x
[p]
i ) = f(
n∑
k=1
bikxk) =
n∑
k=1
bikf(xk) =
n∑
k=1
bik(A(xk) + vk) =
n∑
k=1
bikA(xk) +
n∑
k=1
bikvk.
Therefore, we have
f(x
[p]
i ) =
n∑
k=1
bikA(xk) +
n∑
k=1
bikvk +
s∑
ℓ=1
s∑
k=1
aℓkωk(xi)eℓ
=
n∑
k=1
bikA(xk) +
s∑
ℓ=1
n∑
k=1
bikβkℓeℓ +
s∑
ℓ=1
s∑
k=1
aℓkωk(xi)eℓ.
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On the other hand, we have
f(xi)
[p] = (A(xi) + vi)
[p] = η(A(xi)) +A(xi)
[p],
where
η(A(xi)) =
s∑
ℓ=1
ηℓ(A(xi))eℓ, and
A(xi)
[p] = A(x
[p]
i ) = A(
n∑
k=1
bikxk) =
n∑
k=1
bikA(xk).
Therefore, we have
f(xi)
[p] =
s∑
ℓ=1
ηℓ(A(xi))eℓ +
n∑
k=1
bikA(xk).
As a result,
s∑
ℓ=1
ηℓ(A(xi))eℓ =
s∑
ℓ=1
n∑
k=1
bikβkℓeℓ +
s∑
ℓ=1
s∑
k=1
aℓkωk(xi)eℓ,
which implies that
ηℓ(A(xi)) =
n∑
k=1
bikβkℓ +
s∑
k=1
aℓkωk(xi),
for 1 6 ℓ 6 s . This proves the second claim.
Now define the linear function fℓ : L→ F by fℓ(xk) = βkℓ . Then
(δ1fℓ)(xi, xj) = fℓ([xi, xj ]) =
n∑
k=1
ckijβkℓ, and
f˜ℓ(xi) = fℓ(x
[p]
i ) = fℓ(
n∑
k=1
bikxk) =
n∑
k=1
bikβkℓ.
Hence, (δ1fℓ, f˜ℓ) ∈ B
2(L,F). We deduce, by Equations (2.2) and (2.3), that the subspace spanned
by all the (Aψi, Aηi)’s is the same as the subspace spanned by all the (φi, ωi)’s modulo B
2(L,F).
Conversely, suppose that the image of (Aψi, Aηi)’s span the same subspace of H
2(L,F) as the
the image of (φi, ωi)’s. Then there are linear functions fℓ : L→ F and aℓk ∈ F so that
Aψℓ(xi, xj) =
s∑
k=1
aℓkφk(xi, xj) + fℓ([xi, xj ]), and
Aηℓ(xi) =
s∑
k=1
aℓkωk(xi) + f˜ℓ(xi).
If we set βkℓ = fℓ(xk), then we see that Equations (2.2) and (2.3) hold. This means that, if we define
f : Lθ1 → Lθ2 by f(xi) = A(xi) +
∑
ℓ βileℓ and f(ei) =
∑
j ajiej , then f is an isomorphism. 
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Even though Lemma 2.3.5 provides us with a criteria to know when Lθ1
∼= Lθ2 , it is hard to apply
Lemma 2.3.5 in practice. Instead, we consider the following convention:
Definition 2.3.6 Let θ ∈ Z2(L,M) . We define θ¯ = {Aθ | A ∈ Autp(L)} . We call θ¯ an Autp(L)-
orbit and θ an Autp(L)-orbit representative. We say θ1 and θ2 are in the same Autp(L)-orbit if
there exists A ∈ Autp(L) such that Aθ1 = θ2 .
Clearly, if θ1 and θ2 are in the same Autp(L)-orbit then by Theorem 2.3.5, Lθ1
∼= Lθ2 . However,
the converse is not true, see for instance Lemma 4.2.2. Nevertheless, it is practical to find all Autp(L)-
orbit representatives and this way we get a list of all possible extensions of L by M . We shall then
eliminate all redundancies.
2.4 Finding a basis for H2(L,F)
In this section, we describe how to find a basis for H2(L,F), where L is a p-nilpotent 4-dimensional
restricted Lie algebra and p > 5. Let x1, . . . , x4 be a basis of L and (φ, ω) ∈ C
2(L,F). We have
φ =
∑
16i<j64 cij∆ij , where ∆ij is the skew symmetric matrix with (i, j)-entry equal to 1, (j, i)-
entry equal to −1 and all other entries equal to 0. Also, ω has the ⋆ -property with respect to
φ :
ω(x+ y) = ω(x) + ω(y) +
∑
xj=x or y
1
#x
φ([x, y, x1, . . . , xp−3], xp−2), (2.4)
for all x, y ∈ L . Since p > 5 and L is nilpotent of class at most 3, Equation (2.4) reduces to
ω(x+ y) = ω(x) + ω(y), for all x, y ∈ L . This means that ω is semilinear.
Since ω is determined by its evaluation on x1, . . . , x4 , we can write ω = αf1 + βf2 + γf3 + δf4 ,
where fi(xj) = δi,j , and α, β, γ, δ ∈ F . We deduce that the set
{(∆ij , 0), (0, fk) | 1 6 i < j 6 4, 1 6 k 6 4} (2.5)
forms a basis for C2(L,F). Now suppose that (φ, ω) ∈ Z2(L,F). Then we must have δ2φ = 0 and
φ(x, y[p]) = φ([x, y, . . . , y︸ ︷︷ ︸
p−1
], y), (2.6)
for all x, y ∈ L . Since p > 5 and L is nilpotent of class at most 3, Equation (2.6) reduces to
φ(x, y[p]) = 0. The two conditions δ2φ = 0 and φ(x, y[p]) = 0 impose certain constraints on the cij ’s.
This way, we obtain a subset S of the set given in (2.5) that serves as a basis for Z2(L,F).
Furthermore, if (φ, ω) ∈ B2(L,F) then we must have φ = δ1ψ and ω = ψ˜ , for some linear map
ψ : L → F . These latter conditions impose further restrictions on the cij ’s and αk ’s. This way,
we obtain a basis for B2(L,F) in which every basis element is expressed as a linear combination of
elements of S . So every element of this basis of B2(L,F) serves as a dependence relation between the
elements of S in Z2(L,F)/B2(L,F). As a basis for H2(L,F) we take the elements [s] , with s ∈ S ,
modulo these dependence relations.
Lemma 2.4.1 Let f : L → H be an isomorphism of restricted Lie algebras. Then f induces an
isomorphism between L/〈L[p]〉p and H/〈H
[p]〉p .
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Proof. Let φ : H → H/〈H [p]〉p be the canonical homomorphism. Then ψ = φf : L → H/〈H
[p]〉p is
a surjective homomorphism of restricted Lie algeras with kerψ = 〈L[p]〉p . Therefore, L/〈L
[p]〉p and
H/〈H [p]〉p are isomorphic. 
Chapter 3
Restriction maps on the abelian Lie
algebra
Let x1, . . . , x5 be a basis of the abelian Lie algebra K1 = L5,1 of dimension 5. Since we want
to determine p-nilpotent maps on L5,1 , without loss of generality, we assume that x
[p]
5 = 0. Let
L = L5,1/〈x5〉 . Since dimL = 4, by Theorem 2.3.2, there are five restricted Lie algebra structures on
L given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x2 ;
I.3 x
[p]
1 = x2, x
[p]
3 = x4 ;
I.4 x
[p]
1 = x2, x
[p]
2 = x3 ;
I.5 x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4 .
3.1 Extensions of (L5,1/〈x5〉, trivial p-map)
We have x
[p]
i ∈ 〈x5〉 , for all 1 6 i 6 4. Hence x
[p]
i = αix5 , for some αi ∈ F and for all 1 6 i 6 4. If
αi 6= 0, then without loss of generality, we assume α1 6= 0. Now, we rescale x1 such that x
[p]
1 = x5 .
Now, if αj 6= 0 then we rescale xj such that x
[p]
j = x5 . Finally, if x
[p]
j = x5 , then we replace xj with
xj − x1 such that x
[p]
j = 0. Therefore, the possible p-maps are as follows:
K11 = 〈x1, . . . , x5〉;
K21 = 〈x1, . . . , x5 | x
[p]
1 = x5〉.
3.2 Extensions of (L5,1/〈x5〉, x
[p]
1 = x2)
In this case we have x
[p]
1 − x2 ∈ 〈x5〉 and x
[p]
2 , x
[p]
3 , x
[p]
4 ∈ 〈x5〉 . Hence, x
[p]
1 = x2 + α1x5 , x
[p]
2 = α2x5 ,
x
[p]
3 = α3x5 , and x
[p]
4 = α4x5 , for some α1, α2, α3, α4 ∈ F . We replace x2 with x2 + α1x5 to obtain
that x
[p]
1 = x2 . We consider two cases:
21
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Case 1. α2 = 0: First, if α3 = α4 = 0 then we have the following p-map:
K31 = 〈x1, . . . , x5 | x
[p]
1 = x2〉.
Next, if one of α3, α4 is zero and one is nonzero, without loss of generality, we assume that α4 = 0.
Now, we rescale x3 so that x
[p]
3 = x5 . Therefore, we have the following p-map:
K41 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x5〉.
Finally, if both α3 and α4 are non-zero then we rescale x3 and x4 so that x
[p]
3 = x5 and x
[p]
4 = x5 .
Now, we replace x4 with x4 − x3 so that x
[p]
4 = 0. Therefore, we obtain the same p-map as the
previous one.
Case 2. α2 6= 0: First, if α3 = α4 = 0 then in L5,1 we replace x5 with α2x5 so that x
[p]
2 = x5 .
Therefore, we have the following p-map:
K51 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5〉.
Next, if one of α3, α4 is zero and one is nonzero, without loss of generality, we assume that α4 = 0.
Now, in L5,1 we replace x3 with (α2/α3)
1/px3 and x5 with α2x5 so that x
[p]
2 = x5 and x
[p]
3 = x5 .
Then, we replace x3 with x3 − x2 so that x
[p]
3 = 0. Therefore, we obtain the same p-map as K
5
1 .
Finally, if both α3 and α4 are non-zero then in L5,1 we replace x3 with (α2/α3)
1/px3 , x4 with
(α2/α4)
1/px4 and x5 with α2x5 so that x
[p]
2 = x5 , x
[p]
3 = x5 and x
[p]
4 = x5 . Now, we replace x3 with
x3 − x2 and x4 with x4 − x2 so that x
[p]
3 = 0 and x
[p]
4 = 0. Therefore, we obtain the same p-map as
K51 .
3.3 Extensions of (L5,1/〈x5〉, x
[p]
1 = x2, x
[p]
3 = x4)
In this case we have x
[p]
1 − x2 ∈ 〈x5〉 , x
[p]
3 − x4 ∈ 〈x5〉 , and x
[p]
2 , x
[p]
4 ∈ 〈x5〉 . Hence, x
[p]
1 = x2 + α1x5 ,
x
[p]
3 = x4 + α3x5 , x
[p]
2 = α2x5 , and x
[p]
4 = α4x5 for some α1, α2, α3, α4 ∈ F . We replace x2 with
x2 + α1x5 so that x
[p]
1 = x2 and x4 with x4 + α3x5 so that x
[p]
3 = x4 .
First, if α2 = α4 = 0 then we have the following p-map:
K61 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4〉.
Next, if α2 6= 0 and α4 = 0 then in L5,1 we replace x5 with α2x5 so that x
[p]
2 = x5 . Therefore, we
have the following p-map:
K71 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
2 = x5〉.
Next, if α2 = 0 and α4 6= 0 then in L5,1 we replace x5 with α4x5 so that x
[p]
4 = x5 . Therefore, we
have the following p-map:
K81 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
4 = x5〉.
Finally, if α2 6= 0 and α4 6= 0 then in L5,1 we replace x3 with ((α2/α4)
1/p)1/px3 , x4 with
(α2/α4)
1/px4 and x5 with α2x5 so that x
[p]
2 = x5 and x
[p]
4 = x5 . Therefore, we have the following
p-map:
K91 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5, x
[p]
3 = x4, x
[p]
4 = x5〉.
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3.4 Extensions of (L5,1/〈x5〉, x
[p]
1 = x2, x
[p]
2 = x3)
In this case we have x
[p]
1 − x2 ∈ 〈x5〉 , x
[p]
2 − x3 ∈ 〈x5〉 , and x
[p]
3 , x
[p]
4 ∈ 〈x5〉 . Hence, x
[p]
1 = x2 + α1x5 ,
x
[p]
2 = x3 + α2x5 , x
[p]
3 = α3x5 , and x
[p]
4 = α4x5 for some α1, α2, α3, α4 ∈ F . We replace x2 with
x2 + α1x5 so that x
[p]
1 = x2 and x3 with x3 + α2x5 so that x
[p]
2 = x3 .
First, if α3 = α4 = 0 then we have the following p-map:
K101 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3〉.
Next, if α3 6= 0 and α4 = 0 then in L5,1 we replace x5 with α3x5 so that x
[p]
3 = x5 . Therefore, we
have the following p-map:
K111 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉.
Next, if α3 = 0 and α4 6= 0 then in L5,1 we replace x5 with α4x5 so that x
[p]
4 = x5 . Therefore, we
have the following p-map:
K121 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
4 = x5〉.
Finally, if α3 6= 0 and α4 6= 0 then in L5,1 we replace x4 with (α3/α4)
1/px4 and x5 with α3x5 so
that x
[p]
3 = x5 and x
[p]
4 = x5 . Now, we replace x4 with x4 − x3 so that x
[p]
4 =0. Therefore, we have
the following p-map:
K131 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉.
3.5 Extensions of (L5,1/〈x5〉, x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4)
In this case we have x
[p]
1 − x2 ∈ 〈x5〉 , x
[p]
2 − x3 ∈ 〈x5〉 , x
[p]
3 − x4 ∈ 〈x5〉 and x
[p]
4 ∈ 〈x5〉 . Hence,
x
[p]
1 = x2 + α1x5 , x
[p]
2 = x3 + α2x5 , x
[p]
3 = x4 + α3x5 , and x
[p]
4 = α4x5 for some α1, α2, α3, α4 ∈ F .
We replace x2 with x2 + α1x5 so that x
[p]
1 = x2 , x3 with x3 + α2x5 so that x
[p]
2 = x3 and x4 with
x4 + α3x5 so that x
[p]
3 = x4 . First, if α4 = 0 then we have the following p-map:
K141 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4〉.
Next, if α4 6= 0 then in L5,1 we replace x5 with α4x5 so that x
[p]
4 = x5 . Therefore, we have the
following p-map:
K151 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉.
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Therefore, the list of all restricted Lie algebra structures on L5,1 are as follows:
K11 = 〈x1, . . . , x5〉;
K21 = 〈x1, . . . , x5 | x
[p]
1 = x5〉;
K31 = 〈x1, . . . , x5 | x
[p]
1 = x2〉;
K41 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x5〉;
K51 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5〉;
K61 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
2 = x5〉;
K71 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4〉;
K81 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
4 = x5〉;
K91 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5, x
[p]
3 = x4, x
[p]
4 = x5〉;
K101 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3〉;
K111 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉;
K121 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
4 = x5〉;
K131 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉;
K141 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4〉;
K151 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉.
Note that K21
∼= K31 , K
7
1
∼= K41 , K
10
1
∼= K51 , K
14
1
∼= K111 , and K
6
1
∼= K81
∼= K121 . Furthermore, K
13
1
is identical to K111 .
Theorem 3.5.1 The list of all restricted Lie algebra structures on L5,1 , up to isomorphism, is as
follows:
L15,1 = 〈x1, . . . , x5〉
L25,1 = 〈x1, . . . , x5 | x
[p]
1 = x5〉
L35,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x5〉
L45,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5〉
L55,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
2 = x5〉
L65,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5, x
[p]
3 = x4, x
[p]
4 = x5〉
L75,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉
L85,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉
It is clear from the table below that the restricted Lie algebras given in Theorem 3.5.1 are pairwise
non-isomorphic.
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L dimL[p] dimL[p]
2
dimL[p]
3
L15,1 = 〈x1, . . . , x5〉 0 0 0
L25,1 = 〈x1, . . . , x5 | x
[p]
1 = x5〉 1 0 0
L35,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x5〉 2 0 0
L45,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5〉 2 1 0
L55,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
3 = x4, x
[p]
2 = x5〉 3 1 0
L65,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x5, x
[p]
3 = x4, x
[p]
4 = x5〉 3 2 0
L75,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x5〉 3 2 1
L85,1 = 〈x1, . . . , x5 | x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉 4 3 2
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Restriction maps on L5,2
Let
K2 = L5,2 = 〈x1, . . . , x5 | [x1, x2] = x3〉F.
Note that Z(L5,2) = 〈x3, x4, x5〉F and the group Aut(L5,2) consists of invertible matrices of the form
a11 a12 0 0 0
a21 a22 0 0 0
a31 a32 r a34 a35
a41 a42 0 a44 a45
a51 a52 0 a54 a55
 ,
where r = a11a22 − a12a21 . There exists an element αx3 + βx4 + γx5 ∈ Z(L5,2) such that (αx3 +
βx4 + γx5)
[p] = 0, for some α, β, γ ∈ F . If γ 6= 0, then consider
H1 = 〈x
′
1, . . . , x
′
5 | [x
′
1, x
′
2] = x
′
3〉,
where x′1 = x1, x
′
2 = x2, x
′
3 = x3, x
′
4 = x4, x
′
5 = αx3 + βx4 + γx5 . Let φ : K2 → H1 such that
x1 7→ x
′
1 , x2 7→ x
′
2 , x3 7→ x
′
3 , x4 7→ x
′
4 , and x5 7→ x
′
5 . It is easy to see that φ is an isomorphism.
Therefore, in this case we can suppose that x
[p]
5 = 0. Next, if γ = 0 and β 6= 0 then consider
H2 = 〈x
′
1, . . . , x
′
5 | [x
′
1, x
′
2] = x
′
3〉,
where x′1 = x1, x
′
2 = x2, x
′
3 = x3, x
′
4 = αx3 + βx4, x
′
5 = x5 . Let φ : K2 → H2 such that x1 7→ x
′
1 ,
x2 7→ x
′
2 , x3 7→ x
′
3 , x4 7→ x
′
4 , and x5 7→ x
′
5 . It is easy to see that φ is an isomorphism. Therefore, in
this case we can suppose that x
[p]
4 = 0. Finally, if γ = β = 0 and α 6= 0, then consider
H3 = 〈x
′
1, . . . , x
′
5 | [x
′
1, x
′
2] = x
′
3〉,
where x′1 = x1, x
′
2 = x2, x
′
3 = αx3, x
′
4 = x4, x
′
5 = x5 . Let φ : K2 → H3 such that x1 7→ x
′
1 , x2 7→ x
′
2 ,
x3 7→ x
′
3 , x4 7→ x
′
4 , and x5 7→ x
′
5 . It is easy to see that φ is an isomorphism. Therefore, in this case
we can suppose that x
[p]
3 = 0. Hence we have three cases:
I. x
[p]
3 = 0;
II. x
[p]
5 = 0;
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III. x
[p]
4 = 0.
Note that cases II and III yield the same restricted Lie algebras because given a restricted Lie
algebra structure on L5,2 for which x
[p]
5 = 0, the automorphism of L5,2 obtained by switching x4
and x5 gives rise to a restricted Lie algebra structure on L5,2 for which x
[p]
4 = 0.
4.1 Extensions of L =
L5,2
〈x3〉
In this section we find all non-isomorphic p-maps on L5,2 such that x
[p]
3 = 0. We let
L =
L5,2
〈x3〉
∼= L4,1,
where L4,1 = 〈x1, x2, x4, x5〉 . Note that we denote the image of xi in L by xi again. We rename the
xi ’s so that y1 = x1 , y2 = x2 , y3 = x4 , y4 = x5 , and y5 = x3 and at the end we will switch them.
Therefore, we have L = L4,1 = 〈y1, y2, y3, y4〉 . The group Aut(L) consists of invertible matrices of
the form 
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
 .
Lemma 4.1.1 Let K = L5,2 and [p] : K → K be a p-map on K such that x
[p]
3 = 0 and let L =
K
M
where M = 〈x3〉F . Then K
∼= Lθ where θ = (∆12, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L → K be a linear map given by xi 7→ xi , for all i . Then σ is an injective linear map and
πσ = 1L . Now, we define φ : L × L → M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , for all i, j and
ω : L→M by ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = [x1, x2] = x3;
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = [x1, x3] = 0.
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆12 .
Now, by Lemma 2.2.2, we have θ = (∆12, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are five non-isomorphic restricted Lie algebra structures on L
given by the following p-maps:
I.1 Trivial p-map;
I.2 y
[p]
1 = y2 ;
I.3 y
[p]
1 = y2, y
[p]
3 = y4 ;
I.4 y
[p]
1 = y2, y
[p]
2 = y3 ;
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I.5 y
[p]
1 = y2, y
[p]
2 = y3, y
[p]
3 = y4 .
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then, in
each case, we find all possible orbit representatives of the form (∆12, ω) under the action of Autp(L)
on H2(L,F). By Lemma 4.1.1, we do get all possible p-maps on K2 with the property that x
[p]
3 = 0.
Let us consider the case I.2 where L is a restricted Lie algebra with the p-map y
[p]
1 = y2 . Let
[(φ, ω)] ∈ H2(L,F). Then we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 +
c∆14 + d∆23 + e∆24 + f∆34 , for some a, b, c, d, e, f ∈ F . Since L
[p] = 〈y2〉 , we get φ(x, y2) = 0 for all
x ∈ L . Therefore, φ(y1, y2) = 0 which implies that a = 0. Since φ = ∆12 gives us L5,2 , we deduce
by Lemma 4.1.1 that L5,2 cannot be constructed in this case. Similarly, we can show that in cases
I.3, I.4, or I.5 we also get a = 0. This means that if we equip L with any of the p-maps in the cases
I.2, I.3, I.4, or I.5, then L5,2 ≇ Lθ , for every θ ∈ H
2(L,F). In the following subsections, we consider
the remaining cases.
4.1.1 Extensions of (L, trivial p-map)
We have
C2(L,F) = 〈(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (∆34, 0), (0, f1), (0, f2), (0, f3), (0, f4)〉F.
First, we find a basis for Z2(L,F). Let (φ, ω) ∈ Z2(L,F). Then we must have δ2φ = 0 and
φ(x, y[p]) = 0, for all x, y ∈ L . Note that since L is an abelian Lie algebra and the p-map is trivial,
δ2φ = 0 and φ(x, y[p]) = 0, for all x, y ∈ L . Therefore, a basis for Z2(L,F) is as follows
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (∆34, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2 + γf3+ δf4) ∈ B
2(L,F). Then there exists a linear map ψ : L→ F such that δ1ψ(x, y) = φ(x, y)
and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
φ(y1, y2) = δ
1ψ(y1, y2) = ψ([y1, y2]) = 0.
But φ(y1, y2) = a . So we deduce that a = 0. Similarly, we can show that b = c = d = e = f = 0.
Also, we have
ω(y1) = ψ˜(y1) = ψ(y
[p]
1 ) = 0.
Hence, α = 0. Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = 0 and hence
B2(L,F) = 0. We deduce that a basis for H2(L,F) is as follows
[(∆12, 0)], [(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(∆34, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then, we have φ = a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34 , for
some a, b, c, d, e, f ∈ F . Suppose that Aφ = a′∆12 + b
′∆13 + c
′∆14 + d
′∆23 + e
′∆24 + f
′∆34 , for some
a′, b′, c′, d′, e′, f ′ ∈ F . Then
Aφ(y1, y2) = φ(Ay1, Ay2)
= φ(a11y1 + a21y2 + a31y3 + a41y4, a12y1 + a22y2 + a32y3 + a42y4)
= (a11a22 − a12a21)a+ (a11a32 − a31a12)b + (a11a42 − a41a12)c
+ (a21a32 − a31a22)d+ (a21a42 − a41a22)e + (a31a42 − a41a32)f, and
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Aφ(y1, y3) = φ(Ay1, Ay3)
= φ(a11y1 + a21y2 + a31y3 + a41y4, a13y1 + a23y2 + a33y3 + a43y4)
= (a11a23 − a21a13)a+ (a11a33 − a31a13)b + (a11a43 − a13a41)c
+ (a21a33 − a31a23)d+ (a21a43 − a23a41)e + (a31a43 − a33a41)f, and
Aφ(y1, y4) = φ(Ay1, Ay4)
= φ(a11y1 + a21y2 + a31y3 + a41y4, a14y1 + a24y2 + a34y3 + a44y4)
= (a11a24 − a14a21)a+ (a11a34 − a14a31)b + (a11a44 − a14a41)c
+ (a21a34 − a24a31)d+ (a21a44 − a24a41)e + (a31a44 − a34a41)f, and
Aφ(y2, y3) = φ(Ay2, Ay3)
= φ(a12y1 + a22y2 + a32y3 + a42y4, a13y1 + a23y2 + a33y3 + a43y4)
= (a12a23 − a22a13)a+ (a12a33 − a32a13)b + (a12a43 − a13a42)c
+ (a22a33 − a32a23)d+ (a22a43 − a23a42)e + (a32a43 − a33a42)f, and
Aφ(y2, y4) = φ(Ay2, Ay4)
= φ(a12y1 + a22y2 + a32y3 + a42y4, a14y1 + a24y2 + a34y3 + a44y4)
= (a12a24 − a14a22)a+ (a12a34 − a14a32)b + (a12a44 − a14a42)c
+ (a22a34 − a24a32)d+ (a22a44 − a24a42)e + (a32a44 − a34a42)f, and
Aφ(y3, y4) = φ(Ay3, Ay4)
= φ(a13y1 + a23y2 + a33y3 + a43y4, a14y1 + a24y2 + a34y3 + a44y4)
= (a13a24 − a14a23)a+ (a13a34 − a14a33)b + (a13a44 − a14a43)c
+ (a23a34 − a24a33)d+ (a23a44 − a24a43)e + (a33a44 − a34a43)f.
Therefore, the action of Autp(L) on the set of φ ’s in the matrix form is as follows:


a′
b′
c′
d′
e′
f′


=


a11a22 − a12a21 a11a32 − a31a12 a11a42 − a41a12 a21a32 − a31a22 a21a42 − a41a22 a31a42 − a41a32
a11a23 − a21a13 a11a33 − a31a13 a11a43 − a13a41 a21a33 − a31a23 a21a43 − a23a41 a31a43 − a33a41
a11a24 − a14a21 a11a34 − a14a31 a11a44 − a14a41 a21a34 − a24a31 a21a44 − a24a41 a31a44 − a34a41
a12a23 − a22a13 a12a33 − a32a13 a12a43 − a13a42 a22a33 − a32a23 a22a43 − a23a42 a32a43 − a33a42
a12a24 − a14a22 a12a34 − a14a32 a12a44 − a14a42 a22a34 − a24a32 a22a44 − a24a42 a32a44 − a34a42
a13a24 − a14a23 a13a34 − a14a33 a13a44 − a14a43 a23a34 − a24a33 a23a44 − a24a43 a33a44 − a34a43




a
b
c
d
e
f


.
The orbit with representative

1
0
0
0
0
0
 of this action gives us L5,2 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . Then we can verify that the action of Autp(L) on the
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set of ω ’s in the matrix form is as follows:
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
ap13 a
p
23 a
p
33 a
p
43
ap14 a
p
24 a
p
34 a
p
44


α
β
γ
δ
 .
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by

1
0
0
0
0
0
 is preserved under the action of Aut(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0 and suppose
that δ 6= 0. Then
[


1 0 (−β/δ)1/p 0 (α/δ)1/p 0
0 1 (−γ/δ)1/p 0 0 (α/δ)1/p
0 0 1 0 0 0
0 0 0 1 (−γ/δ)1/p (β/δ)1/p
0 0 0 0 1 0
0 0 0 0 0 1


,


1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 −γ/δ
0 0 0 1


][


1
0
0
0
0
0


,


α
β
γ
δ


]
=
[


1
0
0
0
0
0


,


0
0
0
δ


]
,
[


1 0 0 0 0 0
0 1 0 0 0 0
0 0 (1/δ)1/p 0 0 0
0 0 0 1 0 0
0 0 0 0 (1/δ)1/p 0
0 0 0 0 0 (1/δ)1/p


,


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1/δ


][


1
0
0
0
0
0


,


0
0
0
δ


]
=
[


1
0
0
0
0
0


,


0
0
0
1


]
.
Next, if δ = 0 , but γ 6= 0, then
[


1 (−β/γ)1/p 0 (α/γ)1/p 0 0
0 1 0 0 0 0
0 0 1 0 0 (−α/γ)1/p
0 0 0 1 0 0
0 0 0 0 1 (−β/γ)1/p
0 0 0 0 0 1


,


1 0 −α
γ
0
0 1 −β
γ
0
0 0 1 0
0 0 0 1


][


1
0
0
0
0
0


,


α
β
γ
0


]
=
[


1
0
0
0
0
0


,


0
0
γ
0


]
,
[


1 0 0 0 0 0
0 (1/γ)1/p 0 0 0 0
0 0 1 0 0 0
0 0 0 (1/γ)1/p 0 0
0 0 0 0 1 0
0 0 0 0 0 (1/γ)1/p


,


1 0 0 0
0 1 0 0
0 0 1/γ 0
0 0 0 1


][


1
0
0
0
0
0


,


0
0
γ
0


]
=
[


1
0
0
0
0
0


,


0
0
1
0


]
.
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Next, if δ = γ = 0, but β 6= 0, then
[


1 0 0 0 0 0
0 1 0 (−α/β)1/p 0 0
0 0 1 0 (−α/β)1/p 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


,


1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1


][


1
0
0
0
0
0


,


α
β
0
0


]
=
[


1
0
0
0
0
0


,


0
β
0
0


]
,
[


1 0 0 0 0 0
0 β1/p 0 0 0 0
0 0 β1/p 0 0 0
0 0 0 (1/β)1/p 0 0
0 0 0 0 (1/β)1/p 0
0 0 0 0 0 1


,


β 0 0 0
0 1/β 0 0
0 0 1 0
0 0 0 1


][


1
0
0
0
0
0


,


0
β
0
0


]
=
[


1
0
0
0
0
0


,


0
1
0
0


]
.
Finally, if δ = γ = β = 0, but α 6= 0, then
[

1 0 0 0 0 0
0 α−1/p 0 0 0 0
0 0 α−1/p 0 0 0
0 0 0 α1/p 0 0
0 0 0 0 α1/p 0
0 0 0 0 0 1
 ,

1/α 0 0 0
0 α 0 0
0 0 1 0
0 0 0 1
][

1
0
0
0
0
0
 ,

α
0
0
0
] = [

1
0
0
0
0
0
 ,

1
0
0
0
].
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
1
0
0
 ,

0
0
1
0
 ,

0
0
0
1
 .
Now, we find the restricted Lie algebra structure corresponding to the orbit representative

1
0
0
0
 . We
have

1
0
0
0
 = f1 and hence ω = f1y5 . First, by Lemma 2.2.1 we get
y
[p]
1 = y
[p]
1 + ω(y1) = y5,
y
[p]
2 = y
[p]
2 + ω(y2) = 0,
y
[p]
3 = y
[p]
3 + ω(y3) = 0,
y
[p]
4 = y
[p]
4 + ω(y4) = 0.
Therefore, the corresponding restricted Lie algebra structure is as follows:
K22 = 〈y1, . . . , y5 | [y1, y2] = y5, y
[p]
1 = y5〉.
CHAPTER 4. RESTRICTION MAPS ON L5,2 32
Next, we use the substitutions y1 = x1 , y2 = x2 , y3 = x4 , y4 = x5 , and y5 = x3 . Hence, we have
K22 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3〉.
Similarly, we obtain the restricted Lie algebra structures corresponding to the other orbits. There-
fore, the corresponding restricted Lie algebra structures are as follows:
K12 = 〈x1, . . . , x5 | [x1, x2] = x3〉;
K22 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3〉;
K32 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3〉;
K42 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x3〉;
K52 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
5 = x3〉.
4.2 Extensions of L =
L5,2
〈x5〉
In this section we find all non-isomorphic p-maps on L5,2 such that x
[p]
5 = 0. We let
L =
L5,2
〈x5〉
∼= L4,2,
where L4,2 = 〈x1, x2, x3, x4 | [x1, x2] = x3〉 . The group Aut(L) consists of invertible matrices of the
form 
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 6= 0.
Lemma 4.2.1 Let K = L5,2 and [p] : K → K be a p-map on K such that x
[p]
5 = 0 and let L =
K
M
where M = 〈x5〉F . Then K
∼= Lθ where θ = (0, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L× L→M by φ(xi, xj) = [σ(xi), σ(xj)]− σ([xi, xj ]) , 1 6 i, j 6 4. and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = [x1, x2]− σ(x3) = 0;
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = 0.
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = 0.
Now, by Lemma 2.2.2, we have θ = (0, ω) ∈ Z2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are eight non-isomorphic restricted Lie algebra structures on
L given by the following p-maps:
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II.1 Trivial p-map;
II.2 x
[p]
1 = x3;
II.3 x
[p]
1 = x4;
II.4 x
[p]
1 = x3, x
[p]
2 = x4;
II.5 x
[p]
3 = x4;
II.6 x
[p]
3 = x4, x
[p]
2 = x3;
II.7 x
[p]
4 = x3;
II.8 x
[p]
4 = x3, x
[p]
2 = x4.
In the following subsections, we make L into a restricted Lie algebra by equipping it with each
of the above p-maps. Then, in each case, we find all possible orbit representatives of the form (0, ω)
under the action of Autp(L) on H
2(L,F). By Lemma 4.2.1, we do get all possible p-maps on K2
with the property that x
[p]
5 = 0.
4.2.1 Extensions of (L, trivial p-map)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L . Therefore,
a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24, αf1 + βf2 + γf3 + δf4). So, there exists a linear map
ψ : L→ F such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = d = e = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12, 0) and hence B
2(L,F) =
〈(∆12, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [θ] = [(φ, ω)] ∈ H2(L,F). Since we want Lθ and L5,2 to be isomorphic as Lie algebras, we
should have φ = 0. Since 0 is preserved under Autp(L), it is enough to find Autp(L)-representatives
of the ω ’s.
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Let ω = αf1 + βf2 + γf3+ δf4 , for some α, β, γ, δ ∈ F . Then, Aω = α
′f1 + β
′f2+ γ
′f3 + δ
′f4 , for
some α′, β′, γ′, δ′ ∈ F . We can verify that the action of Autp(L) on the set of ω ’s in the matrix form
is as follows: 
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
0 0 rp 0
0 0 ap34 a
p
44


α
β
γ
δ
 .
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s. Let
ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose that γ 6= 0.
Then 
1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 0
0 0 −δ/γ 1


α
β
γ
δ
 =

0
0
γ
0
 , and

1/γ 0 0 0
0 1 0 0
0 0 1/γ 0
0 0 0 1


0
0
γ
0
 =

0
0
1
0
 .
Next, if γ = 0, but δ 6= 0, then
1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1


α
β
0
δ
 =

0
0
0
δ
 , and

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1/δ


0
0
0
δ
 =

0
0
0
1
 .
Next, if γ = δ = 0, but β 6= 0, then
1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1


α
β
0
0
 =

0
β
0
0
 , and

1 0 0 0
0 1/β 0 0
0 0 1/β 0
0 0 0 1


0
β
0
0
 =

0
1
0
0
 .
Finally, if γ = δ = β = 0, but α 6= 0, then
1/α 0 0 0
0 1 0 0
0 0 1/α 0
0 0 0 1


α
0
0
0
 =

1
0
0
0
 .
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Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
1
0
0
 ,

0
0
1
0
 ,

0
0
0
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K62 = 〈x1, . . . , x5 | [x1, x2] = x3〉;
K72 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5〉;
K82 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5〉;
K92 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5〉;
K102 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x5〉.
4.2.2 Extensions of (L, x
[p]
1 = x3)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x3) = 0, for all x ∈ L and hence φ(x1, x3) = φ(x2, x3) =
φ(x4, x3) = 0 which implies that b = d = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆14, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + c∆14 + e∆24, αf1 + βf2 + γf3+ δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = φ(x1, x2) = ψ(x3), and
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Similarly, we can show that e = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x3), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
Similarly, we can show that γ = δ = 0. Note that ψ(x3) = a = α . Therefore, (φ, ω) = (a∆12, af1)
and hence B2(L,F) = 〈(∆12, f1)〉F . Note that{
[(∆12, 0)], [(∆14, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
spans H2(L,F). Since [(∆12, 0)] + [(0, f1)] = [(∆12, f1)] = [0], then [(0, f1)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 6. Therefore,{
[(∆12, 0)], [(∆14, 0)], [(∆24, 0)], [(0, f2)], [(0, f3)], [(0, f4)]
}
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forms a basis for H2(L,F).
Note that the group Autp(L) consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 6= 0, r = a
p
11 and a12 = 0.
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:β′γ′
δ′
 =
ap22 ap32 ap420 rp 0
0 ap34 a
p
44
βγ
δ
 .
Note that ω = βf2 + γf3 + δf4 . Since ω(x1) = 0, we have Aω(x1) = 0 which implies that a
p
21β +
ap31γ + a
p
41δ = 0.
Now we find the representatives of the orbits of this action. Note that we need to have ap21β +
ap31γ+ a
p
41δ = 0. Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0.
Suppose that γ 6= 0. Then 1 −β/γ 00 1 0
0 −δ/γ 1
βγ
δ
 =
0γ
0
 , and
(1/γ) p−1p 0 00 1/γ 0
0 0 1
0γ
0
 =
01
0
 .
Next, if γ = 0, but δ 6= 0, then 1 0 −β/δ0 1 0
0 0 1
β0
δ
 =
00
δ
 , and
1 0 00 1 0
0 0 1/δ
00
δ
 =
00
1
 .
Next, if γ = δ = 0, but β 6= 0, then we have
β0
0
 . Thus the following elements are Autp(L)-orbit
representatives: 00
0
 ,
β0
0
 ,
01
0
 ,
00
1
 .
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Therefore, the corresponding restricted Lie algebra structures are as follows:
K112 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3〉;
K122 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = βx5〉;
K132 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
3 = x5〉;
K142 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
4 = x5〉
where β ∈ F∗ .
Lemma 4.2.2 We have K122 (β1)
∼= K122 (1) , for every β ∈ F
∗ .
Proof. The following linear map yields the desired automorphism:
β1/p 0 0 0 0
0 β(p−1)/p 0 0 0
0 0 β 0 0
0 0 0 1 0
0 0 0 0 βp−2


4.2.3 Extensions of (L, x
[p]
1 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence φ(x1, x4) = φ(x2, x4) =
φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + d∆23, αf1 + βf2+ γf3+ δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that d = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x4), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
Similarly, we can show that γ = δ = 0. Therefore, (φ, ω) = (a∆12, αf1) and hence B
2(L,F) =
〈(∆12, 0), (0, f1)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆23, 0)], [(0, f2)], [(0, f3)], [(0, f4)].
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Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 6= 0, a44 = a
p
11 and a12 = a34 = 0.
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify the action of Autp(L) on the ω ’s in the matrix form is as follows:β′γ′
δ′
 =
ap22 ap32 ap420 rp 0
0 0 ap
2
11
βγ
δ
 .
Now we find the representatives of the orbits of this action. Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 ,
then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose that δ 6= 0. Then1 0 −β/δ0 1 0
0 0 1
βγ
δ
 =
0γ
δ
 , and
(1/δ)−1p2 0 00 1 0
0 0 1/δ
0γ
δ
 =
0γ
1
 .
If γ 6= 0, then 1/γ 0 00 1/γ 0
0 0 1
0γ
1
 =
01
1
 .
If γ = 0 then we have
00
1
 . Next, if δ = 0, but γ 6= 0, then
1 −β/δ 00 1 0
0 0 1
βγ
0
 =
0γ
0
 , and
1/γ 0 00 1/γ 0
0 0 1
0γ
0
 =
01
0
 .
Finally, if δ = γ = 0 then we have1/β 0 00 1/β 0
0 0 1
β0
0
 =
10
0
 .
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Thus the following elements are Autp(L)-orbit representatives:00
0
 ,
10
0
 ,
01
0
 ,
00
1
 ,
01
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K152 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4〉;
K162 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
2 = x5〉;
K172 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5〉;
K182 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
4 = x5〉;
K192 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5, x
[p]
4 = x5〉.
4.2.4 Extensions of (L, x
[p]
1 = x3, x
[p]
2 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x3) = 0 and φ(x, x4) = 0, for all x ∈ L and hence
φ(x1, x3) = φ(x2, x3) = φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that b = c = d = e =
f = 0. Therefore, Z2(L,F) has a basis consisting of:
(∆12, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L → F such that
δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3).
Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x3), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = ψ(x4), and
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = 0.
Similarly, we can show that δ = 0. Note that ψ(x3) = a = α . Therefore, (φ, ω) = (a∆12, af1 + βf2)
and hence B2(L,F) = 〈(∆12, f1), (0, f2)〉F . Note that{
[(∆12, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
spans H2(L,F). Since [(∆12, 0)] + [(0, f1)] = [(∆12, f1)] = [0], then [(0, f1)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 3. Therefore,{
[(∆12, 0)], [(0, f3)], [(0, f4)]
}
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forms a basis for H2(L,F).
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 = a
p
11 and a21 = 0, a34 = a
p
12 , and a44 = a
p
22 .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:(
γ′
δ′
)
=
(
ap
2
11 0
ap
2
12 a
p2
22
)(
γ
δ
)
.
Now we find the representatives of the orbits of this action. Note that we need to have Aω(x1) = 0
which implies that ap31γ+a
p
41δ = 0. Let ν =
(
γ
δ
)
∈ F2 . If ν =
(
0
0
)
, then {ν} is clearly an Autp(L)-
orbit. Let ν 6= 0. Suppose that γ 6= 0. Then(
1 0
−δ/γ 1
)(
γ
δ
)
=
(
γ
0
)
, and(
1/γ 0
0 (1/γ)p−1
)(
γ
0
)
=
(
1
0
)
.
Next, if γ = 0, but δ 6= 0, then we have
(
0
δ
)
. Thus the following elements are Autp(L)-orbit
representatives: (
0
0
)
,
(
1
0
)
,
(
0
δ
)
.
Therefore, the corresponding restricted Lie algebra structures are as follows:
K202 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4〉;
K212 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4, x
[p]
3 = x5〉;
K222 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4, x
[p]
4 = δx5〉
where δ ∈ F∗ .
Lemma 4.2.3 We have K222 (δ)
∼= K222 (1) , for every δ ∈ F
∗ .
Proof. The following linear map yields the desired automorphism:
δ1/p
2
0 0 0 0
0 δ(p−1)/p
2
0 0 0
0 0 δ1/p 0 0
0 0 0 δ(p−1)/p 0
0 0 0 0 δp−2


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4.2.5 Extensions of (L, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence φ(x1, x4) = φ(x2, x4) =
φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + d∆23, αf1 + βf2+ γf3+ δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that d = 0. Also, we have
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = δ = 0. Therefore, (φ, ω) = (a∆12, γf3) and hence B
2(L,F) =
〈(∆12, 0), (0, f3)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f4)].
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 and a31 = a32 = a34 = 0, and a44 = r
p .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:α′β′
δ′
 =
ap11 ap21 ap41ap12 ap22 ap42
0 0 rp
2
αβ
δ
 .
Now we find the representatives of the orbits of this action. Let ν =
αβ
δ
 ∈ F3 . If ν =
00
0
 ,
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then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose that δ 6= 0. Then1 0 −α/δ0 1 −β/δ
0 0 1
αβ
δ
 =
00
δ
 , and
(1/δ)1/p 0 00 1 0
0 0 1/δ
00
δ
 =
00
1
 .
Next, if δ = 0, but β 6= 0, then1 −α/β 00 1 0
0 0 1
αβ
0
 =
0β
0
 , and
1 0 00 1/β 0
0 0 (1/β)p
0β
0
 =
01
0
 .
Next, if δ = β = 0, but α 6= 0, then1/α 0 00 1 0
0 0 (1/α)p
α0
0
 =
10
0
 .
Thus the following elements are Autp(L)-orbit representatives:00
0
 ,
10
0
 ,
01
0
 ,
00
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K232 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x4〉;
K242 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
3 = x4〉;
K252 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5, x
[p]
3 = x4〉;
K262 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x4, x
[p]
4 = x5〉.
4.2.6 Extensions of (L, x
[p]
2 = x3, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x3) = 0 and φ(x, x4) = 0, for all x ∈ L and hence
φ(x1, x3) = φ(x2, x3) = φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that b = c = d = e =
f = 0. Therefore, Z2(L,F) has a basis consisting of:
(∆12, 0), (0, f1), (0, f2), (0, f3), (0, f4).
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Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L → F such that
δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3).
Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0, and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = ψ(x3), and
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
δ = ω(x4) = ψ˜(x4) = ψ(x
[p]
4 ) = 0.
Note that ψ(x3) = a = β . Hence, (φ, ω) = (a∆12, af2 + γf3) and B
2(L,F) = 〈(∆12, f2), (0, f3)〉F .
Note that {
[(∆12, 0)], [(0, f1)], [(0, f2)], [(0, f4)]
}
spans H2(L,F). Since [(∆12, 0)] + [(0, f2)] = [(∆12, f2)] = [0], then [(0, f2)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 3. Therefore,{
[(∆12, 0)], [(0, f1)], [(0, f4)]
}
forms a basis for H2(L,F).
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 = a
p
22 and a21 = a31 = a32 = a34 = 0, a44 = r
p .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:(
α′
δ′
)
=
(
ap11 a
p
41
0 rp
2
)(
α
δ
)
.
Now we find the representatives of the orbits of this action. Note that we need to have Aω(x2) = 0
which implies that ap21α+ a
p
42δ = 0.
Let ν =
(
α
δ
)
∈ F2 . If ν =
(
0
0
)
, then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose that
δ 6= 0. Then (
1 −α/δ
0 1
)(
α
δ
)
=
(
0
δ
)
, and(
(1/δ)
p−1
p2 0
0 1/δ
)(
0
δ
)
=
(
0
1
)
.
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Next, if δ = 0, but α 6= 0, then we have
(
α
0
)
. Thus the following elements are Autp(L)-orbit
representatives: (
0
0
)
,
(
α
0
)
,
(
0
1
)
.
Therefore, the corresponding restricted Lie algebra structures are as follows:
K272 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3, x
[p]
3 = x4〉;
K282 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = αx5, x
[p]
2 = x3, x
[p]
3 = x4〉;
K292 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉
where α ∈ F∗ .
Lemma 4.2.4 We have K282 (α)
∼= K282 (1) , for every α ∈ F
∗ .
Proof. The following linear map yields the desired automorphism:
α(p−1)/p 0 0 0 0
0 α1/p 0 0 0
0 0 α 0 0
0 0 0 αp 0
0 0 0 0 αp−2


4.2.7 Extensions of (L, x
[p]
4 = x3)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x3) = 0, for all x ∈ L and hence φ(x1, x3) = φ(x2, x3) =
φ(x4, x3) = 0 which implies that b = d = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆14, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + c∆14 + e∆24, αf1 + βf2 + γf3+ δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Similarly, we can show that e = 0. Also, we have
δ = ω(x4) = ψ˜(x4) = ψ(x
[p]
4 ) = ψ(x3), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
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Similarly, we can show that β = γ = 0. Note that ψ(x3) = a = δ . Therefore, (φ, ω) = (a∆12, af4)
and hence B2(L,F) = 〈(∆12, f4)〉F . Note that{
[(∆12, 0)], [(∆14, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
spans H2(L,F). Since [(∆12, 0)] + [(0, f4)] = [(∆12, f4)] = [0], then [(0, f4)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 6. Therefore,{
[(∆12, 0)], [(∆14, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)]
}
forms a basis for H2(L,F).
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 = a
p
44 and a41 = a42 = 0.
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:α′β′
γ′
 =
ap11 ap21 ap31ap12 ap22 ap32
0 0 rp
αβ
γ
 .
Now we find the representatives of the orbits of this action. Note that we need to have Aω(x4) = 0
which implies that ap34γ = 0.
Let ν =
αβ
γ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose
that γ 6= 0. Then 1 0 −α/γ0 1 −β/γ
0 0 1
αβ
γ
 =
00
γ
 , and
1/γ 0 00 1 0
0 0 1/γ
00
γ
 =
00
1
 .
Next, if γ = 0, but β 6= 0, then1 −α/β 00 1 0
0 0 1
αβ
0
 =
0β
0
 , and
1 0 00 1/β 0
0 0 1/β
0β
0
 =
01
0
 .
CHAPTER 4. RESTRICTION MAPS ON L5,2 46
Finally, if γ = β = 0, but α 6= 0, then1/α 0 00 1 0
0 0 1/α
α0
0
 =
10
0
 .
Thus the following elements are Aut(L)-orbit representatives:00
0
 ,
10
0
 ,
01
0
 ,
00
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K302 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x3〉;
K312 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
4 = x3〉;
K322 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5, x
[p]
4 = x3〉;
K332 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5, x
[p]
4 = x3〉.
4.2.8 Extensions of (L, x
[p]
2 = x4, x
[p]
4 = x3)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x3) = 0 and φ(x, x4) = 0, for all x ∈ L and hence
φ(x1, x3) = φ(x2, x3) = φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that b = c = d = e =
f = 0. Therefore, Z2(L,F) has a basis consisting of:
(∆12, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L → F such that
δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3).
Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0, and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = ψ(x4), and
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = 0, and
δ = ω(x4) = ψ˜(x4) = ψ(x
[p]
4 ) = ψ(x3).
Note that ψ(x3) = a = δ . Hence, (φ, ω) = (a∆12, βf2 + af4) and B
2(L,F) = 〈(∆12, f4), (0, f2)〉F .
Note that {
[(∆12, 0)], [(0, f1)], [(0, f3)], [(0, f4)]
}
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spans H2(L,F). Since [(∆12, 0)] + [(0, f4)] = [(∆12, f4)] = [0], then [(0, f4)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 3. Therefore,{
[(∆12, 0)], [(0, f1)], [(0, f3)]
}
forms a basis for H2(L,F).
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 = a
p
44 and a21 = a41 = 0, a34 = a
p
42 , and a44 = a
p
22 .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 4.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. We can verify that the action of Autp(L) on the ω ’s in the matrix form is as follows:(
α′
γ′
)
=
(
ap11 a
p
31
0 rp
)(
α
γ
)
.
Now we find the representatives of the orbits of this action. Note that we need to have Aω(x4) = 0
which implies that ap34γ = 0.
Let ν =
(
α
γ
)
∈ F2 . If ν =
(
0
0
)
, then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose that
γ 6= 0. Then (
1 −α/γ
0 1
)(
α
γ
)
=
(
0
γ
)
, and(
(1/γ)
p2−1
p2 0
0 1/γ
)(
0
γ
)
=
(
0
1
)
.
Next, if γ = 0, but α 6= 0, then we have
(
α
0
)
. Thus the following elements are Autp(L)-orbit
representatives: (
0
0
)
,
(
α
0
)
,
(
0
1
)
.
Therefore, the corresponding restricted Lie algebra structures are as follows:
K342 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
4 = x3〉;
K352 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = αx5, x
[p]
2 = x4, x
[p]
4 = x3〉;
K362 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
3 = x5, x
[p]
4 = x3〉
where α ∈ F∗ .
Lemma 4.2.5 We have K352 (α)
∼= K352 (1) , for every α ∈ F
∗ .
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Proof. The following linear map yields the desired automorphism:
α(p
2−1)/p 0 0 0 0
0 α1/p 0 0 0
0 0 αp 0 0
0 0 0 α 0
0 0 0 0 αp
2−2


4.3 Detecting Isomorphisms
We can easily see that some of the algebras given above are identical. The following is the list of all
irredundant restricted Lie algebra structures on L5,2 and yet, as we shall see below, we prove that
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some of them are isomorphic.
K12 = 〈x1, . . . , x5 | [x1, x2] = x3〉;
K22 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3〉;
K32 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3〉;
K42 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x3〉;
K52 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
5 = x3〉;
K72 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5〉;
K82 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5〉;
K92 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5〉;
K102 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x5〉;
K122 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x5〉;
K132 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
3 = x5〉;
K142 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
4 = x5〉;
K152 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4〉;
K162 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
2 = x5〉;
K172 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5〉;
K182 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
4 = x5〉;
K192 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5, x
[p]
4 = x5〉;
K202 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4〉;
K212 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4, x
[p]
3 = x5〉;
K222 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4, x
[p]
4 = x5〉;
K232 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x4〉;
K242 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
3 = x4〉;
K252 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5, x
[p]
3 = x4〉;
K262 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x4, x
[p]
4 = x5〉;
K272 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3, x
[p]
3 = x4〉;
K282 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
2 = x3, x
[p]
3 = x4〉;
K292 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉;
K312 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
4 = x3〉;
K322 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x5, x
[p]
4 = x3〉;
K332 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5, x
[p]
4 = x3〉;
K342 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
4 = x3〉;
K352 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
2 = x4, x
[p]
4 = x3〉;
K362 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
3 = x5, x
[p]
4 = x3〉.
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Recall that he group Aut(L5,2) consists of invertible matrices of the form
a11 a12 0 0 0
a21 a22 0 0 0
a31 a32 a11a22 − a12a21 a34 a35
a41 a42 0 a44 a45
a51 a52 0 a54 a55
 ,
where a11a22 − a12a21 6= 0.
We have K252
∼= K172 , K
27
2
∼= K132 , K
28
2
∼= K212 by the following automorphism of L5,2 :
0 −1 0 0 0
−1 0 0 0 0
0 0 −1 0 0
0 0 0 0 −1
0 0 0 −1 0

Consider the following automorphism of L5,2 :
0 −1 0 0 0
−1 0 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1
 .
Therefore,
K32
∼= K22 , K
8
2
∼= K72 , K
32
2
∼= K312 .
Finally, using the following automorphism of L5,2 that only switches x4 and x5
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0
 ,
we get
K52
∼= K42 , K
15
2
∼= K72 , K
20
2
∼= K122 , K
24
2
∼= K172 .
Theorem 4.3.1 The list of all restricted Lie algebra structures on L5,2 , up to isomorphism, is as
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follows:
L15,2 = 〈x1, . . . , x5 | [x1, x2] = x3〉;
L25,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3〉;
L35,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x3〉;
L45,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5〉;
L55,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5〉;
L65,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
4 = x5〉;
L75,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x5〉;
L85,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
3 = x5〉;
L95,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
4 = x5〉;
L105,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
2 = x5〉;
L115,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5〉;
L125,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
4 = x5〉;
L135,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
2 = x3, x
[p]
3 = x4〉;
L145,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x3, x
[p]
2 = x4, x
[p]
4 = x5〉;
L155,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x4, x
[p]
4 = x5〉;
L165,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x3, x
[p]
3 = x4, x
[p]
4 = x5〉;
L175,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
4 = x3〉;
L185,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
3 = x5, x
[p]
4 = x3〉;
L195,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
4 = x3〉;
L205,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x5, x
[p]
2 = x4, x
[p]
4 = x3〉;
L215,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
2 = x4, x
[p]
3 = x5, x
[p]
4 = x3〉;
L225,2 = 〈x1, . . . , x5 | [x1, x2] = x3, x
[p]
1 = x4, x
[p]
3 = x5, x
[p]
4 = x5〉.
In the remaining of this section we establish that the algebras given in Theorem 4.3.1 are pairwise
non-isomorphic, thereby completing the proof of Theorem 4.3.1.
It is clear that L15,2 is not isomorphic to the other restricted Lie algebras.
We claim that L25,2 and L
3
5,2 are not isomorphic. Suppose to the contrary that there exists an
isomorphism A : L35,2 → L
2
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = 0.
Therefore, a11a22 − a12a21 = 0 which is a contradiction. Note that L
2
5,2 ≇ L
4
5,2 because
L25,2/(L
2
5,2)
[p] ≇ L45,2/(L
4
5,2)
[p]. (4.1)
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Similarly, L25,2 ≇ L
5
5,2 and L
2
5,2 ≇ L
6
5,2 . It is clear that L
2
5,2 is not isomorphic to the other restricted
Lie algebras.
Similar argument as in (4.1) shows that L35,2 ≇ L
4
5,2 , L
3
5,2 ≇ L
5
5,2 , and L
3
5,2 ≇ L
6
5,2 . It is clear
that L35,2 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L45,2 and L
5
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L45,2 → L
5
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Next, we claim that L45,2 and L
6
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,2 → L
4
5,2 . Then we have
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0. Also we have
A(x
[p]
2 ) = A(x2)
[p]
0 = (a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap12x5.
Therefore, a12 = 0. Hence, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L45,2 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L55,2 and L
6
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,2 → L
5
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L55,2 and L
6
5,2 are not isomorphic to the other restricted Lie algebras.
Note that L75,2 and L
8
5,2 are not isomorphic because (L
7
5,2)
[p]2 = 0 but (L85,2)
[p]2 6= 0. Also, L75,2
and L95,2 are not isomorphic. Suppose to the contrary that there exists an isomorphism A : L
9
5,2 →
L75,2 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap12x3 + a
p
22x5.
Therefore, a12 = 0 and a22 = 0. Hence, a11a22 − a12a21 = 0 which is a contradiction.
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Similar argument as in (4.1) shows that L75,2 ≇ L
10
5,2 , L
7
5,2 ≇ L
11
5,2 , L
7
5,2 ≇ L
12
5,2 , and L
7
5,2 ≇ L
15
5,2 .
Next, we claim that L75,2 and L
17
5,2 are not isomorphic. Suppose to the contrary that there exists an
isomorphism A : L175,2 → L
7
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = 0.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Next, we claim that L75,2 and L
18
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L75,2 → L
18
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Note that L75,2 is not isomorphic to any of L
19
5,2 nor L
22
5,2 . Because (L
7
5,2)
[p]2 = 0 but this is not
the case for L195,2 and L
22
5,2 .
It is clear that L75,2 is not isomorphic to the remaining restricted Lie algebras.
Note that L85,2 is not isomorphic to any of L
9
5,2 , L
10
5,2 , L
11
5,2 , L
17
5,2 , L
18
5,2 because (L
9
5,2)
[p]2 =
(L105,2)
[p]2 = (L115,2)
[p]2 = (L175,2)
[p]2 = (L185,2)
[p]2 = 0 but (L85,2)
[p]2 6= 0.
Next, we claim that L85,2 and L
19
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L195,2 → L
8
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = a
p
34x5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Next, we claim that L85,2 and L
22
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L85,2 → L
22
5,2 . Then we have
A(x
[p]
1 ) = A(x1)
[p]
A(x3) = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
(a11a22 − a12a21)x3 = a
p
11x4 + a
p
31x5 + a
p
41x5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L85,2 is not isomorphic to the other restricted Lie algebras.
Similar argument as in (4.1) shows that L95,2 is not isomorphic to any of L
10
5,2 , L
11
5,2 , L
12
5,2 , or L
15
5,2 .
Next, we claim that L95,2 and L
17
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L175,2 → L
9
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = a
p
44x5.
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Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Note that L95,2 is not isomorphic to any of L
18
5,2 , L
19
5,2 , and L
22
5,2 . Because (L
9
5,2)
[p]2 = 0 but this
is not the case for L185,2 , L
19
5,2 , and L
22
5,2 . It is clear that L
9
5,2 is not isomorphic to the other restricted
Lie algebras.
Next, we claim that L105,2 and L
11
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L105,2 → L
11
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction. Note that L
10
5,2 is not isomorphic to L
12
5,2 ,
L155,2 , L
18
5,2 , L
19
5,2 nor L
22
5,2 because (L
10
5,2)
[p]2 = 0 but (L125,2)
[p]2 6= 0, (L155,2)
[p]2 6= 0, (L185,2)
[p]2 6= 0,
(L195,2)
[p]2 6= 0 and (L225,2)
[p]2 6= 0.
Next, we claim that L105,2 and L
17
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L175,2 → L
10
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = 0.
Therefore, a11a22 − a12a21 = 0 which is a contradiction. It is clear that L
10
5,2 is not isomorphic to the
other restricted Lie algebras.
Note that L115,2 is not isomorphic to any of L
12
5,2 , L
15
5,2 , L
18
5,2 , L
19
5,2 nor L
22
5,2 because (L
11
5,2)
[p]2 = 0
but (L125,2)
[p]2 6= 0, (L155,2)
[p]2 6= 0, (L185,2)
[p]2 6= 0, (L195,2)
[p]2 6= 0 and (L225,2)
[p]2 6= 0.
Next, we claim that L115,2 and L
17
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L175,2 → L
11
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = a
p
34x5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L115,2 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L125,2 and L
15
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L125,2 → L
15
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px4.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Similar argument as in (4.1) shows that L125,2 is not isomorphic to any of to any of L
17
5,2 , L
18
5,2 , or
L195,2 .
Note that L125,2 is not isomorphic to L
22
5,2 . Because, (L
12
5,2)
′[p] = 0, but (L225,2)
′[p] 6= 0.
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It is clear that L125,2 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L135,2 and L
14
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L145,2 → L
13
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = ((a11a22 − a12a21)x3)
[p]
0 = (a11a22 − a12a21)
px4.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Note that L135,2 is not isomorphic to any of L
16
5,2 or L
21
5,2 because (L
13
5,2)
[p]3 = 0 but (L165,2)
[p]3 6= 0
and (L215,2)
[p]3 6= 0.
Next, we claim that L135,2 and L
20
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L135,2 → L
20
5,2 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x4) = ((a11a22 − a12a21)x3)
[p]
a34x3 + a44x4 + a54x5 = 0.
Therefore, a44 = 0 which is a contradiction.
It is clear that L135,2 is not isomorphic to the other restricted Lie algebras.
Note that L145,2 is not isomorphic to any of L
16
5,2 or L
21
5,2 because (L
14
5,2)
[p]3 = 0 but (L165,2)
[p]3 6= 0
and (L215,2)
[p]3 6= 0.
Next, we claim that L145,2 and L
20
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L145,2 → L
20
5,2 . Then
A(x
[p]
1 ) = A(x1)
[p]
A(x3) = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
(a11a22 − a12a21)x3 = a
p
11αx5 + a
p
21x4 + a
p
41x3,
which implies that a11 = 0 and a21 = 0. Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L145,2 is not isomorphic to the other restricted Lie algebras.
Similar argument as in (4.1) shows that L155,2 is not isomorphic to any of to any of L
17
5,2 , L
18
5,2 , or
L195,2 .
Next, we claim that L155,2 and L
22
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L155,2 → L
22
5,2 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4 + a
p
31x5 + a
p
41x5,
which implies that a11 = 0.
Also, we have
A(x
[p]
2 ) = A(x2)
[p]
0 = (a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap12x4 + a
p
32x5 + a
p
42x5,
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which implies that a12 = 0. Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L155,2 is not isomorphic to the other restricted Lie algebras.
Note that L165,2 and L
20
5,2 are not isomorphic because (L
16
5,2)
[p]3 6= 0 but (L205,2)
[p]3 = 0.
Next, we claim that L165,2 and L
21
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L215,2 → L
16
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = a
p
34x4 + a
p
44x5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction. It is clear that L
16
5,2 is not isomorphic to the
other restricted Lie algebras.
Note that L175,2 is not isomorphic to any of L
18
5,2 , L
19
5,2 nor L
22
5,2 because (L
17
5,2)
[p]2 = 0 but
(L185,2)
[p]2 6= 0, (L195,2)
[p]2 6= 0, and (L225,2)
[p]2 6= 0.
It is clear that L175,2 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L185,2 and L
19
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L185,2 → L
19
5,2 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap21x4 + a
p
41x3,
which implies that, a21 = 0. Also we have
A(x
[p]
2 ) = A(x2)
[p]
0 = (a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x4 + a
p
42x3,
which implies that a22 = 0. Therefore, a11a22 − a12a21 = 0 which is a contradiction.
Next, we claim that L185,2 and L
22
5,2 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L185,2 → L
22
5,2 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x3) = (a34x3 + a44x4 + a54x5)
[p]
(a11a22 − a12a21)x3 = a
p
34x4 + a
p
44x5.
Therefore, a11a22 − a12a21 = 0 which is a contradiction.
It is clear that L185,2 is not isomorphic to the other restricted Lie algebras.
Note that L195,2 is not isomorphic to L
22
5,2 . Because, (L
19
5,2)
′[p] = 0, but (L225,2)
′[p] 6= 0. It is clear
that L195,2 is not isomorphic to the other restricted Lie algebras.
Finally, L205,2 and L
21
5,2 are not isomorphic because (L
20
5,2)
[p]3 = 0 but (L215,2)
[p]3 6= 0.
Chapter 5
Restriction maps on L5,3
Let
K3 = L5,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉.
Note that Z(L5,3) = 〈x4, x5〉F and the group Aut(L5,3) consists of invertible matrices of the form
a11 0 0 0 0
a21 a22 0 0 0
a31 a32 a11a22 0 0
a41 a42 a11a32 a
2
11a22 a45
a51 a52 0 0 a55
 .
There exists an element αx4 + βx5 ∈ Z(L5,3) such that (αx4 + βx5)
[p] = 0, for some α, β ∈ F . If
β 6= 0 then consider
K = 〈x′1, . . . , x
′
5 | [x
′
1, x
′
2] = x
′
3, [x
′
1, x
′
3] = x
′
4〉,
where x′1 = x1, x
′
2 = x2, x
′
3 = x3, x
′
4 = x4, x
′
5 = αx4 + βx5 . Let φ : K3 → K given by xi 7→ x
′
i , for
1 6 i 6 5. It is easy to see that φ is an isomorphism. Therefore, in this case we can suppose that
x
[p]
5 = 0. If β = 0 then α 6= 0 and we rescale x4 so that x
[p]
4 = 0. Hence we have two cases:
I. x
[p]
4 = 0;
II. x
[p]
5 = 0.
5.1 Extensions of L =
L5,3
〈x4〉
In this section we find all non-isomorphic p-maps on L5,3 such that x
[p]
4 = 0. We let
L =
L5,3
〈x4〉
∼= L4,2,
where L4,2 = 〈x1, x2, x3, x4 | [x1, x2] = x3〉 . Note that we denote the image of xi in L by xi again.
We rename x4 with x5 and x5 with x4 and at the end we will switch them. The group Autp(L)
57
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consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 6= 0.
Lemma 5.1.1 Let K = L5,3 and [p] : K → K be a p-map on K such that x
[p]
4 = 0 and let L =
K
M ,
where M = 〈x4〉F . Then K
∼= Lθ where θ = (∆13, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = [x1, x3] = x4;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0.
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆13 .
Now, by Lemma 2.2.2, we have θ = (∆13, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are eight non-isomorphic restricted Lie algebra structures on
L given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x3 ;
I.3 x
[p]
1 = x4 ;
I.4 x
[p]
1 = x3, x
[p]
2 = x4 ;
I.5 x
[p]
3 = x4 ;
I.6 x
[p]
3 = x4, x
[p]
2 = x3 ;
I.7 x
[p]
4 = x3 ;
I.8 x
[p]
4 = x3, x
[p]
2 = x4 .
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then, in
each case, we find all possible orbit representatives of the form (∆13, ω) under the action of Autp(L)
on H2(L,F). By Lemma 5.1.1, we do get all possible p-maps on K3 with the property that x
[p]
4 = 0.
Consider case I.2 where the p-map of L is x
[p]
1 = x3 . Let [(φ, ω)] ∈ H
2(L,F). Then we must
have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆13 + b∆14 + c∆23 + d∆24 , for some a, b, c, d ∈ F .
Since, L[p] = 〈x3〉 we get φ(x, x3) = 0, for all x ∈ L . Therefore, φ(x1, x3) = 0 which implies that
a = 0. Since φ = ∆13 gives us L5,3 , we deduce by Lemma 5.1.1 that L5,3 cannot be constructed in
this case. Similarly, we can show that in cases I.4, I.6, I.7, and I.8 we also get a = 0. In the follwoing
subsections, we consider the remaining cases.
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5.1.1 Extensions of (L, trivial p-map)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L . Therefore,
a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24, αf1 + βf2 + γf3 + δf4). So, there exists a linear map
ψ : L→ F such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = d = e = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12, 0) and hence B
2(L,F) =
〈(∆12, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then, we have φ = a∆13 + b∆14 + c∆23 + d∆24 , for some a, b, c, d ∈ F .
Suppose that Aφ = a′∆13 + b
′∆14 + c
′∆23 + d
′∆24 , for some a
′, b′, c′, d′ ∈ F . We can verify that the
action of Autp(L) on the set of φ ’s in the matrix form is as follows:
a′
b′
c′
d′
 =

ra11 0 ra21 0
a11a34 a11a44 a21a34 a21a44
ra12 0 ra22 0
a12a34 a12a44 a22a34 a22a44


a
b
c
d
 . (5.1)
The orbit with representative

1
0
0
0
 of this action gives us L5,3 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . Then we have
Aω(x1) =ω(Ax1) = ω(a11x1 + a21x2 + a31x3 + a41x4) = a
p
11α+ a
p
21β + a
p
31γ + a
p
41δ;
Aω(x2) =a
p
12α+ a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =r
pγ;
Aω(x4) =a
p
34γ + a
p
44δ.
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In the matrix form we can write this as
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
0 0 rp 0
0 0 ap34 a
p
44


α
β
γ
δ
 . (5.2)
Thus, we can write Equations (5.1) and (5.2) together as follows:
[ ra11 0 ra21 0a11a34 a11a44 a21a34 a21a44ra12 0 ra22 0
a12a34 a12a44 a22a34 a22a44
 ,
a
p
11
ap
21
ap
31
ap
41
ap
12
ap
22
ap
32
ap
42
0 0 rp 0
0 0 ap
34
ap
44
][
abc
d
 ,
αβγ
δ
] = [
a
′
b′
c′
d′
 ,
α
′
β′
γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by

1
0
0
0
 is preserved under the action of Aut(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Autp(L)-orbit. Let ν 6= 0. Suppose
that γ 6= 0. Then
[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 0
0 0 0 1
][

1
0
0
0
 ,

α
β
γ
δ
] = [

1
0
0
0
 ,

0
0
γ
δ
], and
[1 0 0 00 γ1/p 0 00 0 γ−3/p 0
0 0 0 γ−2/p
 ,
γ 0 0 00 γ−2 0 0
0 0 1/γ 0
0 0 0 1
][10
0
0
 ,
00
γ
δ
] = [
10
0
0
 ,
00
1
δ
].
Next, if δ 6= 0, then
[
1 0 0 0
0 (1/δ)1/p 0 0
0 0 1 0
0 0 0 (1/δ)1/p
 ,

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1/δ
][

1
0
0
0
 ,

0
0
1
δ
] = [

1
0
0
0
 ,

0
0
1
1
].
If δ = 0, then we have
[
1
0
0
0
 ,

0
0
1
0
].
Next, if γ = 0, but δ 6= 0, then
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[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1
][

1
0
0
0
 ,

α
β
0
δ
] = [

1
0
0
0
 ,

0
0
0
δ
], and
[
1 0 0 0
0 (1/δ)1/p 0 0
0 0 1 0
0 0 0 (1/δ)1/p
 ,

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1/δ
][

1
0
0
0
 ,

0
0
0
δ
] = [

1
0
0
0
 ,

0
0
0
1
].
Next, if γ = δ = 0, but β 6= 0, then
[1 0 (−α/β)1/p 00 1 0 (−α/β)1/p
0 0 1 0
0 0 0 1
 ,
1 −α/β 0 00 1 0 0
0 0 1 0
0 0 0 1
][10
0
0
 ,
αβ
0
0
] = [
10
0
0
 ,
0β
0
0
].
Finally, if γ = δ = β = 0, but α 6= 0, then
[
1 0 0 0
0 α−1/p 0 0
0 0 α3/p 0
0 0 0 α2/p
 ,

1/α 0 0 0
0 α2 0 0
0 0 α 0
0 0 0 1
][

1
0
0
0
 ,

α
0
0
0
] = [

1
0
0
0
 ,

1
0
0
0
].
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

0
0
1
1
 ,

0
0
1
0
 ,

0
0
0
1
 ,

0
β
0
0
 ,

1
0
0
0
 .
Therefore, the corresponding restricted Lie algebra structures are as follows: (Note that we need
to switch x4 and x5 .)
K13 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉;
K23 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
5 = x4〉;
K33 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
K43(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4〉;
K53 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4〉;
K63 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
5 = x4〉.
Lemma 5.1.2 We have K43 (β1)
∼= K43(β2) if and only if β1β
−1
2 ∈ (F
∗)2 .
Proof. Suppose that f = (aij) : K
4
3 (β1) → K
4
3(β2) is an isomorphism. Then, we have f(x
[p]
2 ) =
f(x2)
[p] which in turn implies that β1a
2
11a22x4 = β2a
p
22x4 . Hence, β1/β2 = a
p−1
22 a
−2
11 ∈ (F
∗)2 . To
prove the converse, suppose that β1/β2 = ǫ
2 ∈ (F∗)2 . Then the following is an isomorphism from
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K43 (β1) to K
4
3 (β2): 
ǫ−1/p 0 0 0 0
0 ǫ2/p 0 0 0
0 0 ǫ1/p 0 0
0 0 0 1 0
0 0 0 0 1
 .

5.1.2 Extensions of (L, x
[p]
1 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence φ(x1, x4) = φ(x2, x4) =
φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x4), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
Similarly, we can show that γ = δ = 0. Therefore, (φ, ω) = (a∆12, αf1) and hence B
2(L,F) =
〈(∆12, 0), (0, f1)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆23, 0)], [(0, f2)], [(0, f3)], [(0, f4)].
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 , a12 = a34 = 0, and a44 = a
p
11 .
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Let [(φ, ω)] ∈ H2(L,F). Then, we have φ = a∆13 + c∆23 , for some a, c ∈ F . Suppose that
Aφ = a′∆13 + c
′∆23 , for some a
′, c′ ∈ F . We determine a′, c′ . Note that
Aφ(x1, x3) = φ(Ax1, Ax3) = φ(a11x1 + a21x2 + a31x3 + a41x4, rx3)
= a11ra+ a21rc; and
Aφ(x2, x3) = φ(Ax2, Ax3) = φ(a12x1 + a22x2 + a32x3 + a42x4, rx3)
= a12ra+ a22rc.
In the matrix form we can write this as(
a′
c′
)
=
(
a11r a21r
0 a22r
)(
a
c
)
. (5.3)
The orbit with representative
(
1
0
)
of this action gives us L5,3 .
Note that we need to have Aφ(x1, x4) = Aφ(x2, x4) = Aφ(x3, x4) = 0 which implies that
a11a34a+ a21a34c = 0,
a12a34a+ a22a34c = 0.
Also, we have ω = βf2 + γf3 + δf4 , for some β, γ, δ ∈ F . Suppose that Aω = β
′f2 + γ
′f3 + δ
′f4 , for
some β′, γ′, δ′ ∈ F . We have
Aω(x2) =a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =r
pγ;
Aω(x4) =a
p
34γ + a
p
44δ.
In the matrix form we can write this asβ′γ′
δ′
 =
ap22 ap32 ap420 rp 0
0 0 ap
2
11
βγ
δ
 . (5.4)
Thus, we can write Equations (5.3) and (5.4) together as follows:
[
r
(
a11 a21
0 a22
)
,
ap22 ap32 ap420 rp 0
0 0 ap
2
11
][(a
c
)
,
βγ
δ
] = [(a′
c′
)
,
β′γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by
(
1
0
)
is preserved under the action of Aut(L) on the set ofω ’s and
a11a34a+ a21a34c = 0,
a12a34a+ a22a34c = 0.
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Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0. Then
[(
1 0
0 1
)
,
1 0 −β/δ0 1 0
0 0 1
][(1
0
)
,
βγ
δ
] = [(1
0
)
,
0γ
δ
], and
[
δ1/p
2
(
δ−1/p
2
0
0 δ2/p
2
)
,
δ2/p 0 00 δ1/p 0
0 0 1/δ
][(1
0
)
,
0γ
δ
] = [(1
0
)
,
 0δ1/pγ
1
].
So, if δ 6= 0 and γ 6= 0, then we have
0γ
1
 .
If δ 6= 0 but γ = 0, then we have
[(1
0
)
,
00
1
]. Next, if δ = 0 but γ 6= 0, then
[(
1 0
0 1
)
,
1 −β/γ 00 1 0
0 0 1
][(1
0
)
,
βγ
0
] = [(1
0
)
,
0γ
0
], and
[
(1/γ)1/p
(
γ1/p 0
0 γ−2/p
)
,
(1/γ)2 0 00 1/γ 0
0 0 γp
][(1
0
)
,
0γ
0
] = [(1
0
)
,
01
0
].
Next, if δ = γ = 0, then we have
[(
1
0
)
,
β0
0
].
Thus the following elements are Aut(L)-orbit representatives:00
0
 ,
01
0
 ,
00
1
 ,
β0
0
 ,
0γ
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows: (Note that we need
to switch x4 and x5.)
K73 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5〉;
K83(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
2 = βx4〉;
K93 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉;
K103 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
5 = x4〉;
K113 (γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = γx4, x
[p]
5 = x4〉
Lemma 5.1.3 The restricted Lie algebras K83 (β1) and K
8
3 (β2) are isomorphic if and only if β2β
−1
1 ∈
(F∗)2 .
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Proof. First assume that f = (aij) : K
8
3 (β1) → K
8
3 (β2) is an isomorphism. Then f(x
[p]
2 ) = f(x2)
[p]
which implies that β1a
2
11a22x4 = β2a
p
22x4 . Hence, β1/β2 = a
p−1
22 a
−2
11 ∈ (F
∗)2 . To prove the converse,
suppose that β1/β2 = ǫ
2 ∈ (F∗)2 . Then the following is an isomorphism from K83(β1) to K
8
3(β2):
ǫ−1/p 0 0 0 0
0 ǫ2/p 0 0 0
0 0 ǫ1/p 0 0
0 0 0 1 0
0 0 0 0 ǫ−1
 .

Lemma 5.1.4 The restricted Lie algebras K113 (γ1) and K
11
3 (γ2) are isomorphic if and only if γ1γ
−1
2 =
ǫp(p
2−p−1) , for some ǫ ∈ F∗ .
Proof. First assume that f = (aij) : K
11
3 (γ1)→ K
11
3 (γ2) is an isomorphism. It follows that
γ1/γ2 = a
p−2
11 a
p−1
22 , a
2
11a22 = a
p
55, a55 = a
p
11.
The above Equations then imply that γ1γ
−1
2 = a
p(p2−p−1)
11 . To prove the converse, suppose that
γ1γ
−1
2 = ǫ
p(p2−p−1) , for some ǫ ∈ F∗ . Then the following is an isomorphism from K113 (γ1) to
K113 (γ2): 
ǫ 0 0 0 0
0 ǫp
2−2 0 0 0
0 0 ǫp
2−1 0 0
0 0 0 ǫp
2
0
0 0 0 0 ǫp
 .

5.1.3 Extensions of (L, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4) = f.
Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence φ(x1, x4) = φ(x2, x4) =
φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
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Similarly, we can show that c = 0. Also, we have
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = δ = 0. Therefore, (φ, ω) = (a∆12, γf3) and hence B
2(L,F) =
〈(∆12, 0), (0, f3)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f4)].
Note that the group Autp(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 , a31 = a32 = a34 = 0, and a44 = r
p .
Let [θ] = [(φ, ω)] ∈ H2(L,F). Then φ = a∆13 + c∆23 . We can verify that the action of Autp(L)
on the φ ’s in the matrix form is as follows:(
a′
c′
)
=
(
a11r a21r
a12r a22r
)(
a
c
)
. (5.5)
The orbit with representative
(
1
0
)
of this action gives us L5,3 . Note that we need to have Aφ(x1, x4) =
Aφ(x2, x4) = Aφ(x3, x4) = 0 which implies that
a11a34a+ a21a34c = 0,
a12a34a+ a22a34c = 0.
Let ω = αf1 + βf2 + δf4 , for some α, β, δ ∈ F . Suppose that Aω = α
′f1 + β
′f2 + δ
′f4 , for some
α′, β′, δ′ ∈ F. We have
Aω(x1) = a
p
11α+ a
p
21β + a
p
41δ;
Aω(x2) = a
p
12α+ a
p
22β + a
p
42δ;
Aω(x4) = a
p
44δ.
In the matrix form we can write this asα′β′
δ′
 =
ap11 ap21 ap41ap12 ap22 ap42
0 0 rp
2
αβ
δ
 . (5.6)
Thus, we can write Equations (5.5) and (5.6) together as follows:
[
r
(
a11 a21
a12 a22
)
,
ap11 ap21 ap41ap12 ap22 ap42
0 0 rp
2
][(a
c
)αβ
δ
] = [(a′
c′
)
,
α′β′
δ′
].
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Now we find the representatives of the orbits of the action of Autp(L) on the set of ω ’s such that the
orbit represented by
(
1
0
)
is preserved under the action of Autp(L) on the set of φ ’s. Note that we
take a34 = 0. Then we have
a11a34a+ a21a34c = 0,
a12a34a+ a22a34c = 0.
Let ν =
αβ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0. Then
[(1 0
0 1
)
,
1 0 −α/δ0 1 −β/δ
0 0 1
][(1
0
)
,
αβ
δ
] = [(1
0
)
,
00
δ
], and
[
δ−1/p
2
(
δ1/p
2
0
0 δ−2/p
2
)
,
δ1/p 0 00 δ−2/p 0
0 0 1/δ
][(1
0
)
,
00
δ
] = [(1
0
)
,
00
1
].
Next, if δ = 0, but β 6= 0, then
[(
1 (−α/β)1/p
0 1
)
,
1 −α/β 00 1 0
0 0 1
][(1
0
)
,
αβ
0
] = [(1
0
)
,
0β
0
].
Finally, if δ = β = 0, but α 6= 0, then
[
α1/p
(
α−1/p 0
0 α2/p
)
,
1/α 0 00 α2 0
0 0 αp
][(1
0
)
,
α0
0
] = [(1
0
)
,
10
0
].
Thus the following elements are Autp(L)-orbit representatives:00
0
 ,
10
0
 ,
00
1
 ,
0β
0
 .
Therefore, the corresponding restricted Lie algebra structures are as follows: (Note that we need
to switch x4 and x5 .)
K123 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5〉;
K133 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = x5〉;
K143 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4, x
[p]
3 = x5〉;
K153 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5, x
[p]
5 = x4〉
where β ∈ F∗ .
Lemma 5.1.5 The restricted Lie algebras K143 (β1) and K
14
3 (β2) are isomorphic if and only if β2β
−1
1 ∈
(F∗)2 .
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Proof. First assume that f = (aij) : K
14
3 (β1)→ K
14
3 (β2) is an isomorphism. Then f(x
[p]
2 ) = f(x2)
[p]
which implies that β1a
2
11a22x4 = β2a
p
22x4 . Hence, β1/β2 = a
p−1
22 a
−2
11 ∈ (F
∗)2 . To prove the converse,
suppose that β1/β2 = ǫ
2 ∈ (F∗)2 . Then the following is an isomorphism from K143 (β1) to K
14
3 (β2):
ǫ−1/p 0 0 0 0
0 ǫ2/p 0 0 0
0 0 ǫ1/p 0 0
0 0 0 1 0
0 0 0 0 ǫ
 .

5.2 Extensions of L =
L5,3
〈x5〉
In this section we find all non-isomorphic p-maps on L5,3 such that x
[p]
5 = 0. We let
L =
L5,3
〈x5〉
∼= L4,3,
where L4,3 = 〈x1, x2, x3, x4 | [x1, x2] = x3, [x1, x3] = x4〉 . The group Aut(L) consists of invertible
matrices of the form 
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0.
Lemma 5.2.1 Let K = L5,3 and [p] : K → K be a p-map on K such that x
[p]
5 = 0 and let L =
K
M
where M = 〈x5〉F . Then K
∼= Lθ where θ = (0, ω) ∈ Z
2(L,M) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0;
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = 0.
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = 0.
Now, by Lemma 2.2.2, we have θ = (0, ω) ∈ Z2(L,M) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are four non-isomorphic restricted Lie algebra structures on L
given by the following p-maps:
II.1 Trivial p-map;
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II.2 x
[p]
1 = x4 ;
II.3 x
[p]
2 = ξx4 ;
II.4 x
[p]
3 = x4 .
In the following subsections, we make L into a restricted Lie algebra by equipping it with each
of the above p-maps. Then, in each case, we find all possible orbit representatives of the form (0, ω)
under the action of Autp(L) on H
2(L,F). By Lemma 5.2.1, we do get all possible p-maps on K3
with the property that x
[p]
5 = 0.
5.2.1 Extensions of (L, trivial p-map)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4), and
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4).
Thus, we get f = e = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L .
Therefore, a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12+ b∆13+ c∆14+d∆23, αf1+βf2+γf3+ δf4). So, there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0
Similarly, we can show that d = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12 + b∆13, 0) and hence
B2(L,F) = 〈(∆12, 0), (∆13, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆14, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [θ] = [(φ, ω)] ∈ H2(L,F). Since we want Lθ and L5,3 to be isomorphic as Lie algebras, we should
have φ = 0. Since 0 is preserved under Autp(L), it is enough to find Autp(L)-representatives of the
ω ’s.
Let ω = αf1+βf2+γf3+δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1+β
′f2+γ
′f3+δ
′f4 ,
for some α′, β′, γ′, δ′ ∈ F. We can easily verify that the action of Autp(L) on the ω ’s in the matrix
form is as follows: 
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 rp ap11a
p
32
0 0 0 ap11r
p


α
β
γ
δ
 .
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Now we find the representatives of the orbits of this action. Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then
{ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0. Then
1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1


α
β
γ
δ
 =

0
0
γ
δ
 , and

1 0 0 0
0 1 −γ/δ γ2/δ2
0 0 1 −γ/δ
0 0 0 1


0
0
γ
δ
 =

0
0
0
δ
 , and

1 0 0 0
0 1/δ 0 0
0 0 1/δ 0
0 0 0 1/δ


0
0
0
δ
 =

0
0
0
1
 .
Next, if δ = 0, but γ 6= 0, then
1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 −β/γ
0 0 0 1


α
β
γ
0
 =

0
0
γ
0
 , and

(1/γ)2 0 0 0
0 γ 0 0
0 0 1/γ 0
0 0 0 (1/γ)3


0
0
γ
0
 =

0
0
1
0
 .
Next, if γ = δ = 0, but β 6= 0, then
1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1


α
β
0
0
 =

0
β
0
0
 , and

(1/β)−2 0 0 0
0 1/β 0 0
0 0 (1/β)−1 0
0 0 0 (1/β)−3


0
β
0
0
 =

0
1
0
0
 .
Finally, if δ = γ = β = 0, but α 6= 0, then
1/α 0 0 0
0 1 0 0
0 0 1/α 0
0 0 0 (1/α)2


α
0
0
0
 =

1
0
0
0
 .
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Thus the following elements are Autp(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
1
0
0
 ,

0
0
1
0
 ,

0
0
0
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K163 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉;
K173 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5〉;
K183 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5〉;
K193 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5〉;
K203 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
4 = x5〉.
5.2.2 Extensions of (L, x
[p]
1 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4), and
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4).
Thus, we get f = e = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x2, x3) = δ
1ψ(x2, x3) = ψ([x2, x3]) = 0.
Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x4), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
Similarly, we can show that γ = δ = 0. Note that ψ(x4) = b = α . Therefore, (φ, ω) = (a∆12 +
b∆13, bf1) and hence B
2(L,F) = 〈(∆13, f1), (∆12, 0)〉F . Note that{
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
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spans H2(L,F). Since [(∆13, 0)] + [(0, f1)] = [(∆13, f1)] = [0], then [(0, f1)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,{
[(∆13, 0)], [(∆23, 0)], [(0, f2)], [(0, f3)], [(0, f4)]
}
forms a basis for H2(L,F).
Note that he group Autp(L) in this case consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0 and a11r = a
p
11 .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 5.2.1, it is enough to find Autp(L)-representatives of
the ω ’s.
Let ω = βf2 + γf3 + δf4 , for some β, γ, δ ∈ F . Suppose that Aω = β
′f2 + γ
′f3 + δ
′f4 , for some
β′, γ′, δ′ ∈ F . We have
Aω(x2) = a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) = r
pγ + ap11a
p
32δ;
Aω(x4) = a
p
11r
pδ.
In the matrix form we can write this asβ′γ′
δ′
 =
ap22 ap32 ap420 rp ap11ap32
0 0 ap11r
p
βγ
δ
 .
Note that we need to have Aω(x1) = 0 which implies that a
p
21β + a
p
31γ + a
p
41δ = 0. Now we find
the representatives of the orbits of this action. Note that we take a21 = a31 = a41 = 0. Therefore,
ap21β + a
p
31γ + a
p
41δ = 0. Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit.
Suppose that δ 6= 0. Then 1 0 −β/δ0 1 0
0 0 1
βγ
δ
 =
0γ
δ
 , and
1 −γ/δ γ2/δ20 1 −γ/δ
0 0 1
0γ
δ
 =
00
δ
 , and
(1/δ)
p−2
p 0 0
0 (1/δ)
p−1
p 0
0 0 1/δ

00
δ
 =
00
1
 .
Next, if δ = 0, but γ 6= 0, then 1 −β/γ 00 1 −β/γ
0 0 1
βγ
0
 =
0γ
0
 .
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Finally, if γ = δ = 0, but β 6= 0, then we have
β0
0
 . Thus the following elements are Aut(L)-
orbit representatives: 00
0
 ,
β0
0
 ,
0γ
0
 ,
00
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K213 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4〉;
K223 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
2 = βx5〉;
K233 (γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = γx5〉;
K243 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
4 = x5〉.
Lemma 5.2.2 We have K223 (β)
∼= 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
2 = x5〉, for
every β ∈ F∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/β
 .

Lemma 5.2.3 We have K233 (γ)
∼= 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = x5〉 , for
for every γ ∈ F∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/γ
 .

5.2.3 Extensions of (L, x
[p]
2 = ξx4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4), and
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4).
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Thus, we get f = e = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x2, x3) = δ
1ψ(x2, x3) = ψ([x2, x3]) = 0.
Also, we have
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = ξψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that γ = δ = 0. Note that ψ(x4) = b = βξ
−1 . Therefore, (φ, ω) =
(a∆12 + b∆13, bξf2) and hence B
2(L,F) = 〈(∆13, ξf2), (∆12, 0)〉F . Note that{
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
spans H2(L,F). Since [(∆13, 0)]+ ξ[(0, f2)] = [(∆13, ξf2)] = [0], then [(0, f2)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,{
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f3)], [(0, f4)]
}
forms a basis for H2(L,F).
Note that he group Autp(L) in this case consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0, a21 = 0 and a11r = a
p
22 .
Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 5.2.1, it is enough to find Autp(L)-representatives of
the ω ’s.
Let ω = αf1 + γf3 + δf4 , for some α, γ, δ ∈ F . Suppose that Aω = α
′f1 + γ
′f3 + δ
′f4 , for some
α′, γ′, δ′ ∈ F . We have
Aω(x1) = a
p
11α+ a
p
31γ + a
p
41δ;
Aω(x3) = r
pγ + ap11a
p
32δ;
Aω(x4) = a
p
11r
pδ.
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In the matrix form we can write this asα′γ′
δ′
 =
ap11 ap31 ap410 rp ap11ap32
0 0 ap11r
p
αγ
δ
 .
Now we find the representatives of the orbits of this action. Note that we need to have Aω(x2) = 0
which implies that ap32γ + a
p
42δ = 0.
Let ν =
αγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0.
Then 1 0 −α/δ0 1 −γ/δ
0 0 1
αγ
δ
 =
00
δ
 .
Next, if δ = 0, but γ 6= 0, then 1 −α/γ 00 1 0
0 0 1
αγ
0
 =
0γ
0
 .
Finally, if γ = δ = 0, but α 6= 0, then we have
α0
0
 . Thus the following elements are Aut(L)-orbit
representatives: 00
0
 ,
α0
0
 ,
0γ
0
 ,
00
δ
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K253 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4〉;
K263 (α, ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = αx5, x
[p]
2 = ξx4〉;
K273 (γ, ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
3 = γx5〉;
K283 (δ, ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
4 = δx5〉
where α, γ, δ, ξ ∈ F∗ .
Lemma 5.2.4 We have K263 (α, ξ)
∼= K263 (1, ξ), for every α, ξ ∈ F
∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/α
 .

CHAPTER 5. RESTRICTION MAPS ON L5,3 76
Lemma 5.2.5 We have K273 (γ, ξ)
∼= K273 (1, ξ), for every γ, ξ ∈ F
∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/γ
 .

Lemma 5.2.6 We have K283 (δ, ξ)
∼= K283 (1, ξ), for every δ, ξ ∈ F
∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/δ
 .

Therefore, the corresponding restricted Lie algebra structures are as follows:
K253 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4〉;
K263 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
2 = ξx4〉;
K273 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
3 = x5〉;
K283 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
4 = x5〉
where ξ ∈ F∗ . Note that K253 (ξ) is identical to K
4
3(β), K
26
3 (ξ) is identical to K
8
3 (β), and K
27
3 (ξ) is
identical to K143 (β).
Lemma 5.2.7 We have K283 (ξ1)
∼= K283 (ξ2) if and only if ξ2ξ
−1
1 ∈ (F
∗)2 .
Proof. If f : K283 (ξ1) → K
28
3 (ξ2) is an isomorphism, then f(x
[p]
2 ) = f(x2)
[p] which implies that
ξ1a
2
11a22x4 = a
p
22ξ2x4 + a
p
42x5 . We deduce that ξ2ξ
−1
1 = a
2
11a
1−p
22 ∈ (F
∗)2. Conversely, assume that
ξ2ξ
−1
1 = ǫ
2 with some ǫ ∈ F∗ . Then the following automorphism of L5,3
ǫ 0 0 0 0
0 1 0 0 0
0 0 ǫ 0 0
0 0 0 ǫ2 0
0 0 0 0 ǫ2p

is an isomorphism between K283 (ξ1) and K
28
3 (ξ2). 
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5.2.4 Extensions of (L, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4), and
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4).
Thus, we get f = e = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x2, x3) = δ
1ψ(x2, x3) = ψ([x2, x3]) = 0.
Also, we have
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = δ = 0. Note that ψ(x4) = b = γ . Therefore, (φ, ω) = (a∆12 +
b∆13, bf3) and hence B
2(L,F) = 〈(∆13, f3), (∆12, 0)〉F . Note that{
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)]
}
spans H2(L,F). Since [(∆13, 0)] + [(0, f3)] = [(∆13, f3)] = [0], then [(0, f3)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,{
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f4)]
}
forms a basis for H2(L,F).
Note that he group Autp(L) in this case consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0, a31 = a32 = 0 and a11r = r
p .
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Let [θ] = [(φ, ω)] ∈ H2(L,F). As in Section 5.2.1, it is enough to find Autp(L)-representatives of
the ω ’s. Let ω = αf1 + βf2 + δf4 , for some α, β, δ ∈ F . Suppose that Aω = α
′f1 + β
′f2 + δ
′f4 , for
some α′, β′, δ′ ∈ F . We have
Aω(x1) = a
p
11α+ a
p
21β + a
p
41δ;
Aω(x2) = a
p
22β + a
p
42δ;
Aω(x4) = a
p
11r
pδ.
In the matrix form we can write this asα′β′
δ′
 =
ap11 ap21 ap410 ap22 ap42
0 0 ap11r
p
αβ
δ
 .
Note that we need to have Aω(x3) = 0 which implies that a
p
11a
p
32δ = 0. Now we find the repre-
sentatives of the orbits of this action. Note that we take a32 = 0. Therefore, a
p
11a
p
32δ = 0. Let
ν =
αβ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0. Then
1 0 −α/δ0 1 −β/δ
0 0 1
αβ
δ
 =
00
δ
 , and
(1/δ)
p−1
p 0 0
0 (1/δ)
2−p
p 0
0 0 1/δ

00
δ
 =
00
1
 .
Next, if δ = 0, but β 6= 0, then 1 −α/β 00 1 0
0 0 1
αβ
0
 =
0β
0
 .
Finally, if β = δ = 0, but α 6= 0, then we have
α0
0
 . Thus the following elements are Aut(L)-
orbit representatives: 00
0
 ,
α0
0
 ,
0β
0
 ,
00
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K293 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
K303 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = αx5, x
[p]
3 = x4〉;
K313 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx5, x
[p]
3 = x4〉;
K323 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
4 = x5〉.
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Lemma 5.2.8 We have K303 (α)
∼= 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉 , for
for every α ∈ F∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/α
 .

Lemma 5.2.9 We have K313 (β)
∼= 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5, x
[p]
3 = x4〉 , for
for every β ∈ F∗ .
Proof. The following automorphism of L5,3 gives us the desired isomorphism:
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1/β
 .

Therefore, the corresponding restricted Lie algebra structures are as follows:
K293 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
K303 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉;
K313 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5, x
[p]
3 = x4〉;
K323 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
4 = x5〉.
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5.2.5 A list of restricted Lie algebra structures on L5,3
Therefore, the list of all (possibly redundant) restricted Lie algebra structures on L5,3 is as follows:
K13 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉;
K23 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
5 = x4〉;
K33 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
K43 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4〉;
K53 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4〉;
K63 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
5 = x4〉;
K73 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5〉;
K83 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
2 = βx4〉;
K93 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉;
K103 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
5 = x4〉;
K113 (γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = γx4, x
[p]
5 = x4〉;
K123 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5〉;
K133 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = x5〉;
K143 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4, x
[p]
3 = x5〉;
K153 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5, x
[p]
5 = x4〉;
K163 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉;
K173 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5〉;
K183 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5〉;
K193 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5〉;
K203 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
4 = x5〉;
K213 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4〉;
K223 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
2 = x5〉;
K233 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = x5〉;
K243 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
4 = x5〉;
K253 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4〉;
K263 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
2 = ξx4〉;
K273 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
3 = x5〉;
K283 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
4 = x5〉;
K293 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
K303 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉;
K313 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5, x
[p]
3 = x4〉;
K323 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
4 = x5〉.
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5.3 Detecting isomorphisms
We can easily see that some of the algebras above are identical.
Theorem 5.3.1 The list of all restricted Lie algebra structures on L5,3 , up to isomorphism, is as
follows:
L15,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4〉;
L25,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
5 = x4〉;
L35,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4〉;
L45,3(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4〉;
L55,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4〉;
L65,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
5 = x4〉;
L75,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5〉;
L85,3(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
2 = βx4〉;
L95,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = x4〉;
L105,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
5 = x4〉;
L115,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5〉;
L125,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
3 = x5〉;
L135,3(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = βx4, x
[p]
3 = x5〉;
L145,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x5, x
[p]
5 = x4〉;
L155,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5〉;
L165,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
4 = x5〉;
L175,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
2 = x5〉;
L185,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x4, x
[p]
4 = x5〉;
L195,3(ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = ξx4, x
[p]
4 = x5〉;
L205,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
2 = x5, x
[p]
3 = x4〉;
L215,3 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
3 = x4, x
[p]
4 = x5〉;
L225,3(γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, x
[p]
1 = x5, x
[p]
3 = γx4, x
[p]
5 = x4〉
where β, ξ ∈ T2 .
In the remaining of this section we establish that the algebras given in Theorem 5.3.1 are pairwise
non-isomorphic, thereby completing the proof of Theorem 5.3.1.
It is clear that L15,3 is not isomorphic to the other restricted Lie algebras. We claim that L
2
5,3 and
L35,3 are not isomorphic. Suppose to the contrary that there exists an isomorphism A : L
2
5,3 → L
3
5,3 .
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Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
4
5,3(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L25,3 → L
4
5,3(β). Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
5
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
5
5,3 . Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
6
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
6
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x4) = (a11a22x3 + a11a32x4)
[p]
a211a22x4 = 0,
which implies that a211a22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
7
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
7
5,3 . Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
11
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
11
5,3 . Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
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Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
15
5,3 . Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L25,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L25,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L25,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L35,3 and L
4
5,3(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L35,3 → L
4
5,3(β). Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22βx4,
which implies that ap22β = 0. Since, β 6= 0, we have a22 = 0 which is a contradiction.
Next, we claim that L35,3 and L
5
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
5
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L35,3 and L
6
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
6
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x4) = (a11a22x3 + a11a32x4)
[p]
a211a22x4 = 0,
which implies that a211a22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
CHAPTER 5. RESTRICTION MAPS ON L5,3 85
Next, we claim that L35,3 and L
7
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
7
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L35,3 and L
11
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
11
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x4) = (a11a22x3 + a11a32x4)
[p]
a211a22x4 = a
p
11a
p
22x5,
which implies that a211a22 = 0 and a
p
11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a
contradiction.
Next, we claim that L35,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L35,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L35,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L45,3(β) and L
5
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,3(β)→ L
5
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4.
Therefore, a11 = 0 which is a contradiction.
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Next, we claim that L45,3(β) and L
6
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L65,3 → L
4
5,3(β). Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L45,3(β) and L
7
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,3(β)→ L
7
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L45,3(β) and L
11
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,3(β)→ L
11
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L45,3(β) and L
15
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,3(β)→ L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
A(x4) = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
a211a22x4 = a
p
22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L45,3(β) and L
16
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,3(β)→ L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L45,3(β) is not isomorphic to the other restricted Lie algebras.
Next, we claim that L55,3 and L
6
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,3 → L
5
5,3 . Then
A(x
[p]
5 ) = A(x5)
[p]
A(x4) = (a45x4 + a55x5)
[p]
a211a22x4 = 0.
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Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L55,3 and L
7
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,3 → L
7
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
A(x4) = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
a211a22x4 = a
p
11x5.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L55,3 and L
11
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,3 → L
11
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L55,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,3 → L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L55,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L55,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L65,3 and L
7
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,3 → L
7
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0 which is a contradiction.
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Next, we claim that L65,3 and L
11
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,3 → L
11
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L65,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,3 → L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L65,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L65,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L65,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L75,3 and L
11
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L75,3 → L
11
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L75,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L75,3 → L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
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Next, we claim that L75,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L75,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L75,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L85,3(β) and L
9
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,3(β)→ L
9
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Note that L85,3(β) is not isomorphic to any of L
10
5,3 , L
14
5,3 , L
18
5,3 , L
19
5,3(ξ), L
21
5,3 , L
22
5,3(γ) because
(L85,3)
[p]2 = 0 but this is not true for those restricted Lie algebras.
Next, we claim that L85,3(β) and L
12
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,3(β)→ L
12
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L85,3(β) and L
13
5,3(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,3(β)→ L
13
5,3(β). Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L85,3(β) and L
17
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,3(β)→ L
17
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
A(βx4) = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
βa211a22x4 = a
p
22x5.
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Therefore, a22 = 0 which is a contradiction.
Next, we claim that L85,3(β) and L
20
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,3(β)→ L
20
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L85,3(β) is not isomorphic to the other restricted Lie algebras.
Note that L95,3 is not isomorphic to any of L
10
5,3 , L
14
5,3 , L
18
5,3 , L
19
5,3(ξ), L
21
5,3 , L
22
5,3(γ) because
(L95,3)
[p]2 = 0 but this is not true for those restricted Lie algebras.
Next, we claim that L95,3 and L
12
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L95,3 → L
12
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x4) = (a11a22x3 + a11a32x4)
[p]
a211a22x4 = a
p
11a
p
22x5,
which implies that a211a22 = 0 and a
p
11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a
contradiction.
Next, we claim that L95,3 and L
13
5,3(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L95,3 → L
13
5,3(β). Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22βx4 + a
p
32x5,
which implies that ap22β = 0. Since, β 6= 0 we have a22 = 0 which is a contradiction.
Next, we claim that L95,3 and L
17
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L95,3 → L
17
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L95,3 and L
20
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L95,3 → L
20
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5 + a
p
32x4.
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Therefore, a22 = 0 which is a contradiction.
It is clear that L95,3 is not isomorphic to the other restricted Lie algebras.
Note that L105,3 is not isomorphic to any of L
12
5,3 , L
13
5,3(β), L
17
5,3 , L
20
5,3 because (L
10
5,3)
[p]2 6= 0 but
this is not true for those restricted Lie algebras.
Next, we claim that L105,3 and L
14
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L105,3 → L
14
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L105,3 and L
18
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L105,3 → L
18
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L105,3 and L
19
5,3(ξ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L105,3 → L
19
5,3(ξ). Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L105,3 and L
21
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L105,3 → L
21
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4 + a
p
11a
p
32x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L105,3 and L
22
5,3(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L105,3 → L
22
5,3(γ). Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22γx4,
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which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L105,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L115,3 and L
15
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L115,3 → L
15
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L115,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L115,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L115,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L125,3 and L
13
5,3(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L125,3 → L
13
5,3(β). Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22βx4 + a
p
32x5,
which implies that ap22β 6= 0. Since, β 6= 0 we have a22 = 0 which is a contradiction.
Note that L125,3 is not isomorphic to any of L
14
5,3 , L
18
5,3 , L
19
5,3(ξ), L
21
5,3 , L
22
5,3(γ) because (L
12
5,3)
[p]2 = 0
but this is not true for those restricted Lie algebras.
Next, we claim that L125,3 and L
17
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L125,3 → L
17
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5.
Therefore, a22 = 0 which is a contradiction.
Next, we claim that L125,3 and L
20
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L125,3 → L
20
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x5 + a
p
32x4.
Therefore, a22 = 0 which is a contradiction.
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It is clear that L125,3 is not isomorphic to the other restricted Lie algebras.
Note that L135,3 is not isomorphic to any of L
14
5,3 , L
18
5,3 , L
19
5,3(ξ), L
21
5,3 , L
22
5,3(γ) because (L
13
5,3)
[p]2 = 0
but this is not true for those restricted Lie algebras.
Next, we claim that L135,3(β) and L
17
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L135,3(β)→ L
17
5,3 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4 + a
p
21x5.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L135,3(β) and L
20
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L135,3(β)→ L
20
5,3 . Then
A(x
[p]
2 ) = A(x2)
[p]
A(βx4) = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
βa211a22x4 = a
p
22x5 + a
p
32x4.
Therefore, a22 = 0 which is a contradiction.
It is clear that L135,3(β) is not isomorphic to the other restricted Lie algebras.
Note that L145,3 is not isomorphic to any of L
17
5,3 , L
20
5,3 because (L
14
5,3)
[p]2 6= 0 but this is not true
for those restricted Lie algebras.
Next, we claim that L145,3 and L
18
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L145,3 → L
18
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L145,3 and L
19
5,3(ξ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L145,3 → L
19
5,3(ξ). Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L145,3 and L
21
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L145,3 → L
21
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
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Therefore, a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L145,3 and L
22
5,3(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L225,3(γ)→ L
14
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(γx4) = (a11a22x3 + a11a32x4)
[p]
a211a22γx4 = a
p
11a
p
22x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L145,3 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L155,3 and L
16
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L155,3 → L
16
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5.
Therefore, a11 = 0 or a22 = 0 which is a contradiction.
It is clear that L155,3 and L
16
5,3 are not isomorphic to the other restricted Lie algebras.
Note that L175,3 is not isomorphic to any of L
18
5,3 , L
19
5,3(ξ), L
21
5,3 , L
22
5,3(γ) because (L
17
5,3)
[p]2 = 0 but
this is not true for those restricted Lie algebras.
Next, we claim that L175,3 and L
20
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L175,3 → L
20
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L185,3 and L
19
5,3(ξ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L185,3 → L
19
5,3(ξ). Then
A(x
[p]
2 ) = A(x2)
[p]
0 = (a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 = ap22x4 + a
p
42x5.
Therefore, a22 = 0 which is a contradiction.
Note that L185,3 is not isomorphic to L
20
5,3 because (L
18
5,3)
[p]2 6= 0 but this is not true for L205,3 .
Next, we claim that L185,3 and L
21
5,3 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L185,3 → L
21
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4 + a
p
11a
p
32x5,
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which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L185,3 and L
22
5,3(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L185,3 → L
22
5,3(γ). Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22γx4,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Note that L195,3 is not isomorphic to L
20
5,3 because (L
19
5,3)
[p]2 6= 0 but this is not true for L205,3 .
Next, we claim that L195,3(ξ) and L
21
5,3 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L195,3(ξ)→ L
21
5,3 . Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22x4 + a
p
11a
p
32x5,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Next, we claim that L195,3 and L
22
5,3(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L195,3 → L
22
5,3(γ). Then
A(x
[p]
3 ) = A(x3)
[p]
0 = (a11a22x3 + a11a32x4)
[p]
0 = ap11a
p
22γx4,
which implies that ap11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Note that L205,3 is not isomorphic to L
21
5,3 and L
22
5,3(γ) because (L
20
5,3)
[p]2 = 0 but this is not true
for L215,3 and L
22
5,3(γ).
Next, we claim that L215,3 and L
22
5,3(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L225,3(γ)→ L
21
5,3 . Then
A(x
[p]
4 ) = A(x4)
[p]
0 = (a211a22x4)
[p]
0 = a2p11a
p
22x5,
which implies that a2p11a
p
22 = 0. Therefore, we have a11 = 0 or a22 = 0 which is a contradiction.
Chapter 6
Restriction maps on Lie algebras of
1-dimensional centre
6.1 Restriction maps on L5,4
Let L5,4 = 〈x1, . . . , x5 | [x1, x2] = x5, [x3, x4] = x5〉. We have Z(L5,4) = 〈x5〉F and so x
[p]
5 = 0. Let
L =
L5,4
〈x5〉F
∼= L4,1,
where L4,1 = 〈x1, x2, x3, x4〉 . Note that the group Aut(L) consists of invertible matrices of the form
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44
 .
Lemma 6.1.1 Let K = L5,4 and [p] : K → K be a p-map on K and let L =
K
M where M = 〈x5〉F .
Then K ∼= Lθ where θ = (∆12 +∆34, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = [x1, x2] = x5;
φ(x3, x4) = [σ(x3), σ(x4)]− σ([x3, x4]) = x5;
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = 0;
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = 0. Therefore, φ = ∆12 +∆34 . Now,
by Lemma 2.2.2, we have θ = (∆12 +∆34, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
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Note that by Theorem 2.3.2, there are five non-isomorphic restricted Lie algebra structures on L
given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x2 ;
I.3 x
[p]
1 = x2, x
[p]
3 = x4 ;
I.4 x
[p]
1 = x2, x
[p]
2 = x3 ;
I.5 x
[p]
1 = x2, x
[p]
2 = x3, x
[p]
3 = x4 .
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then,
in each case, we find all possible orbit representatives of the form (∆12 + ∆34, ω) under the action
of Autp(L) on H
2(L,F). By Lemma 6.1.1, we do get all possible p-maps on L5,5 with the property
that x
[p]
5 = 0.
Consider the case I.2 where the p-map of L is given by x
[p]
1 = x2 . Let [(φ, ω)] ∈ H
2(L,F). Then
we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34 ,
for some a, b, c, d, e, f ∈ F . Since L[p] = 〈x2〉F , we get φ(x, x2) = 0, for all x ∈ L . Therefore,
φ(x1, x2) = a∆12(x1, x2) + b∆13(x1, x2) + c∆14(x1, x2)
+ d∆23(x1, x2) + a∆24(x1, x2) + f∆34(x1, x2) = 0
which implies that a = 0. Since φ = ∆12 +∆34 gives us L5,4 , we deduce by Lemma 6.1.1 that L5,4
cannot be constructed in this case. Similarly, in cases I.3, I.4, and I.5 we can show that we cannot
construct L5,4 . In the following subsections, we consider the remaining cases.
6.1.1 Extension of L5,4/〈x5〉 via the trivial p-map
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Since L is abelian and the p-map is trivial, δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (∆34, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13+ c∆14+ d∆23 + e∆24+ f∆34, αf1+ βf2+ γf3+ δf4). So, there exists a linear
map ψ : L→ F such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = 0.
Similarly, we can show that b = c = d = e = f = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (0, 0) and hence B2(L,F) = 0. We
deduce that a basis for H2(L,F) is as follows:
[(∆12, 0)], [(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(∆34, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
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Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34 , for some
a, b, c, d, e, f ∈ F . Suppose that Aφ = a′∆12 + b
′∆13 + c
′∆14 + d
′∆23 + e
′∆24 + f
′∆34 , for some
a′, b′, c′, d′, e′, f ′ ∈ F . Then
Aφ(x1, x2) = φ(Ax1, Ax2)
= φ(a11x1 + a21x2 + a31x3 + a41x4, a12x1 + a22x2 + a32x3 + a42x4)
= (a11a22 − a12a21)a+ (a11a32 − a31a12)b+ (a11a42 − a41a12)c
+ (a21a32 − a31a22)d+ (a21a42 − a41a22)e+ (a31a42 − a41a32)f, and
Aφ(x1, x3) = φ(Ax1, Ax3)
= φ(a11x1 + a21x2 + a31x3 + a41x4, a13x1 + a23x2 + a33x3 + a43x4)
= (a11a23 − a21a13)a+ (a11a33 − a31a13)b+ (a11a43 − a13a41)c
+ (a21a33 − a31a23)d+ (a21a43 − a23a41)e+ (a31a43 − a33a41)f, and
Aφ(x1, x4) = φ(Ax1, Ax4)
= φ(a11x1 + a21x2 + a31x3 + a41x4, a14x1 + a24x2 + a34x3 + a44x4)
= (a11a24 − a14a21)a+ (a11a34 − a14a31)b+ (a11a44 − a14a41)c
+ (a21a34 − a24a31)d+ (a21a44 − a24a41)e+ (a31a44 − a34a41)f, and
Aφ(x2, x3) = φ(Ax2, Ax3)
= φ(a12x1 + a22x2 + a32x3 + a42x4, a13x1 + a23x2 + a33x3 + a43x4)
= (a12a23 − a22a13)a+ (a12a33 − a32a13)b+ (a12a43 − a13a42)c
+ (a22a33 − a32a23)d+ (a22a43 − a23a42)e+ (a32a43 − a33a42)f, and
Aφ(x2, x4) = φ(Ax2, Ax4)
= φ(a12x1 + a22x2 + a32x3 + a42x4, a14x1 + a24x2 + a34x3 + a44x4)
= (a12a24 − a14a22)a+ (a12a34 − a14a32)b+ (a12a44 − a14a42)c
+ (a22a34 − a24a32)d+ (a22a44 − a24a42)e+ (a32a44 − a34a42)f, and
Aφ(x3, x4) = φ(Ax3, Ax4)
= φ(a13x1 + a23x2 + a33x3 + a43x4, a14x1 + a24x2 + a34x3 + a44x4)
= (a13a24 − a14a23)a+ (a13a34 − a14a33)b+ (a13a44 − a14a43)c
+ (a23a34 − a24a33)d+ (a23a44 − a24a43)e + (a33a44 − a34a43)f.
In the matrix form we can write this asa′b′c′
d′
e′
f′
 =
a11a22 − a12a21 a11a32 − a31a12 a11a42 − a41a12 a21a32 − a31a22 a21a42 − a41a22 a31a42 − a41a32a11a23 − a21a13 a11a33 − a31a13 a11a43 − a13a41 a21a33 − a31a23 a21a43 − a23a41 a31a43 − a33a41a11a24 − a14a21 a11a34 − a14a31 a11a44 − a14a41 a21a34 − a24a31 a21a44 − a24a41 a31a44 − a34a41
a12a23 − a22a13 a12a33 − a32a13 a12a43 − a13a42 a22a33 − a32a23 a22a43 − a23a42 a32a43 − a33a42
a12a24 − a14a22 a12a34 − a14a32 a12a44 − a14a42 a22a34 − a24a32 a22a44 − a24a42 a32a44 − a34a42
a13a24 − a14a23 a13a34 − a14a33 a13a44 − a14a43 a23a34 − a24a33 a23a44 − a24a43 a33a44 − a34a43
abc
d
e
f
 .
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The orbit with representative

1
0
0
0
0
1
 of this action gives us L5,4 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . Then we can verify that the action of Aut(L) on the
set of ω ’s in the matrix form is as follows:
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
ap13 a
p
23 a
p
33 a
p
43
ap14 a
p
24 a
p
34 a
p
44


α
β
γ
δ
 .
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that
the orbit represented by

1
0
0
0
0
1
 is preserved under the action of Aut(L) on the set of φ ’s. Let
ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that δ 6= 0,
then
[

1 0 (−β/δ)1/p 0 (α/δ)1/p 0
(−α/δ)1/p 1 (αβ/δ2)1/p 0 (−α2/δ2)1/p (α/δ)1/p
0 0 1 0 0 0
(−β/δ)1/p 0 (β2/δ2)1/p 1 (−αβ/δ2)1/p (β/δ)1/p
0 0 0 0 1 0
0 0 (β/δ)1/p 0 (−α/δ)1/p 1
 ,
 1 0 0 −α/δ0 1 0 −β/δ
β/δ −α/δ 1 0
0 0 0 1
]
[

1
0
0
0
0
1
 ,

α
β
γ
δ
] = [

1
0
0
0
0
1
 ,

0
0
γ
δ
], and
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[

1 0 0 0 0 0
0 δ1/p (−γ)1/p 0 0 0
0 0 (1/δ)1/p 0 0 0
0 0 0 δ1/p (−γ)1/p 0
0 0 0 0 (1/δ)1/p 0
0 0 0 0 0 1
 ,

1 0 0 0
0 1 0 0
0 0 δ −γ
0 0 0 1/δ
][

1
0
0
0
0
1
 ,

0
0
γ
δ
]
=
[

1
0
0
0
0
1
 ,

0
0
0
1
].
Next, suppose that δ = 0, but β 6= 0, then
[

1 0 0 0 (γ/β)1/p 0
(−γ/β)1/p 1 0 (−α/β)1/p (−γ2/β2)1/p (γ/β)1/p
0 0 1 0 (−α/β)1/p 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 (−γ/β)1/p 1
 ,
1 −α/β 0 −γ/β0 1 0 0
0 −γ/β 1 0
0 0 0 1
]
[

1
0
0
0
0
1
 ,

α
β
γ
0
] = [

1
0
0
0
0
1
 ,

0
β
0
0
], and
[

1 0 0 0 0 0
0 β1/p 0 0 0 0
0 0 β1/p 0 0 0
0 0 0 (1/β)1/p 0 0
0 0 0 0 (1/β)1/p 0
0 0 0 0 0 1
 ,

β 0 0 0
0 1/β 0 0
0 0 1 0
0 0 0 1
][

1
0
0
0
0
1
 ,

0
β
0
0
]
=
[

1
0
0
0
0
1
 ,

0
1
0
0
].
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Next, if δ = β = 0, but α 6= 0, then
[

1 0 (γ/α)1/p 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
(γ/α)1/p 0 (γ2/α2)1/p 1 0 (−γ/α)1/p
0 0 0 0 1 0
0 0 (−γ/α)1/p 0 0 1
 ,
 1 0 0 00 1 0 γ/α
−γ/α 0 1 0
0 0 0 1
][

1
0
0
0
0
1
 ,
α0γ
0
]
=
[

1
0
0
0
0
1
 ,

α
0
0
0
], and
[

1 0 0 0 0 0
0 (1/α)1/p 0 0 0 0
0 0 (1/α)1/p 0 0 0
0 0 0 α1/p 0 0
0 0 0 0 α1/p 0
0 0 0 0 0 1
 ,
1/α 0 0 00 α 0 00 0 1 0
0 0 0 1
][

1
0
0
0
0
1
 ,
α00
0
] = [

1
0
0
0
0
1
 ,
100
0
].
Next, if δ = β = α = 0, but γ 6= 0, then
[

1 0 0 0 0 0
0 (1/γ)1/p 0 0 0 0
0 0 γ1/p 0 0 0
0 0 0 (1/γ)1/p 0 0
0 0 0 0 γ1/p 0
0 0 0 0 0 1
 ,
1 0 0 00 1 0 00 0 1/γ 0
0 0 0 γ
][

1
0
0
0
0
1
 ,
00γ
0
] = [

1
0
0
0
0
1
 ,
001
0
].
Now we claim that the following elements are in the same Aut(L)-orbit representatives.
[

1
0
0
0
0
1
 ,

1
0
0
0
], [

1
0
0
0
0
1
 ,

0
1
0
0
], [

1
0
0
0
0
1
 ,

0
0
1
0
], [

1
0
0
0
0
1
 ,

0
0
0
1
].
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Indeed,
[

1 0 0 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
 ,

0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1
][

1
0
0
0
0
1
 ,

1
0
0
0
] = [

1
0
0
0
0
1
 ,

0
1
0
0
],
[

0 0 0 0 0 1
0 −1 0 0 0 0
0 0 0 −1 0 0
0 0 −1 0 0 0
0 0 0 0 −1 0
1 0 0 0 0 0
 ,

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
][

1
0
0
0
0
1
 ,

1
0
0
0
] = [

1
0
0
0
0
1
 ,

0
0
1
0
],
[

0 0 0 0 0 1
0 0 0 1 0 0
0 −1 0 0 0 0
0 0 0 0 1 0
0 0 −1 0 0 0
1 0 0 0 0 0
 ,

0 0 1 0
0 0 0 1
0 −1 0 0
1 0 0 0
][

1
0
0
0
0
1
 ,

1
0
0
0
] = [

1
0
0
0
0
1
 ,

0
0
0
1
].
Therefore, the following elements are Aut(L)-orbit representatives:
[

1
0
0
0
0
1
 ,

0
0
0
0
], [

1
0
0
0
0
1
 ,

1
0
0
0
].
Theorem 6.1.2 The list of all restricted Lie algebra structures on L5,4 , up to isomorphism, is as
follows:
L15,4 = 〈x1, . . . , x5 | [x1, x2] = x5, [x3, x4] = x5〉;
L25,4 = 〈x1, . . . , x5 | [x1, x2] = x5, [x3, x4] = x5, x
[p]
1 = x5〉.
6.2 Restriction maps on L5,5
Let L5,5 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5〉. We have Z(L5,5) = 〈x5〉F . Let
L =
L5,5
〈x5〉F
∼= L4,2,
where L4,2 = 〈x1, x2, x3, x4 | [x1, x2] = x3〉 . Note that the group Aut(L) consists of invertible
matrices of the form 
a11 a12 0 0
a21 a22 0 0
a31 a32 r a34
a41 a42 0 a44
 ,
where r = a11a22 − a12a21 6= 0.
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Lemma 6.2.1 Let K = L5,5 and [p] : K → K be a p-map on K and let L =
K
M where M = 〈x5〉F .
Then K ∼= Lθ where θ = (∆13 +∆24, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = [x1, x3] = x5;
φ(x2, x4) = [σ(x2), σ(x4)]− σ([x2, x4]) = x5;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0;
Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x3, x4) = 0. Therefore, φ = ∆13 +∆24 . Now,
by Lemma 2.2.2, we have θ = (∆13 +∆24, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are eight non-isomorphic restricted Lie algebra structures on
L given by the following p-maps:
II.1 Trivial p-map;
II.2 x
[p]
1 = x3;
II.3 x
[p]
1 = x4;
II.4 x
[p]
1 = x3, x
[p]
2 = x4;
II.5 x
[p]
3 = x4;
II.6 x
[p]
3 = x4, x
[p]
2 = x3;
II.7 x
[p]
4 = x3;
II.8 x
[p]
4 = x3, x
[p]
2 = x4.
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then,
in each case, we find all possible orbit representatives of the form (∆13 + ∆24, ω) under the action
of Autp(L) on H
2(L,F). By Lemma 6.2.1, we do get all possible p-maps on L5,5 with the property
that x
[p]
5 = 0.
Consider the case I.2 where the p-map of L is given by x
[p]
1 = x3 . Note that L
[p] = 〈x3〉F . Let
[(φ, ω)] ∈ H2(L,F). Then we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 +
c∆14 + d∆23 + e∆24 + f∆34 , for some a, b, c, d, e, f ∈ F . Hence, φ(x1, x3) = 0 which implies that
b = 0. Since φ = ∆13+∆24 gives us L5,5 , we deduce by Lemma 6.2.1 that L5,5 cannot be constructed
in this case. Similarly, in cases II3-II8 we can show that we cannot construct L5,5 . It remains to
consider case II.1.
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6.2.1 Extension of L5,5/〈x5〉 via the trivial p-map
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L . Therefore,
a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24, αf1 + βf2 + γf3 + δf4). So, there exists a linear map
ψ : L→ F such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = d = e = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12, 0) and hence B
2(L,F) =
〈(∆12, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆14 + c∆23 + d∆24 , for some a, b, c, d ∈ F .
Suppose that Aφ = a′∆13 + b
′∆14 + c
′∆23 + d
′∆24 , for some a
′, b′, c′, d′ ∈ F . We can verify that the
action of Aut(L) on the set of φ ’s in the matrix form is as follows:
a′
b′
c′
d′
 =

ra11 0 ra21 0
a11a34 a11a44 a21a34 a21a44
ra12 0 ra22 0
a12a34 a12a44 a22a34 a22a44


a
b
c
d
 . (6.1)
The orbit with representative

1
0
0
1
 of this action gives us L5,5 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . We can verify that the action of Aut(L) on the set of
ω ’s in the matrix form is as follows:
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
0 0 rp 0
0 0 ap34 a
p
44


α
β
γ
δ
 . (6.2)
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Thus, we can write Equations (6.1) and (6.2) together as follows:
[
ra11 0 ra21 0
a11a34 a11a44 a21a34 a21a44
ra12 0 ra22 0
a12a34 a12a44 a22a34 a22a44
 ,

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
0 0 rp 0
0 0 ap34 a
p
44
][

a
b
c
d
 ,

α
β
γ
δ
]
=
[
a′
b′
c′
d′
 ,

α′
β′
γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by

1
0
0
1
 is preserved under the action of Aut(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that
γ 6= 0. Then
[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 0
0 0 0 1
][

1
0
0
1
 ,

α
β
γ
δ
] = [

1
0
0
1
 ,

0
0
γ
δ
], and
[
1 0 0 0
0 γ3/p 0 0
0 0 γ−3/p 0
0 0 0 1
 ,

γ 0 0 0
0 γ−2 0 0
0 0 γ−1 0
0 0 0 γ2
][

1
0
0
1
 ,

0
0
γ
δ
] = [

1
0
0
1
 ,

0
0
1
γ2δ
].
Furthermore,
[
1 0 δ1/p 0
−δ1/p 1 −δ2/p δ1/p
0 0 1 0
0 0 −δ1/p 1
 ,

1 δ 0 0
0 1 0 0
0 0 1 0
0 0 −δ 1
][

1
0
0
1
 ,

0
0
1
δ
] = [

1
0
0
1
 ,

0
0
1
0
].
Next, if γ = 0, but δ 6= 0, then
[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1
][

1
0
0
1
 ,

α
β
0
δ
] = [

1
0
0
1
 ,

0
0
0
δ
].
Next, if γ = δ = 0, but β 6= 0, then
[ 1 0 (−α/β)
1/p 0
(α/β)1/p 1 (−α/β)2/p (−α/β)1/p
0 0 1 0
0 0 (α/β)1/p 1
 ,
1 −α/β 0 00 1 0 00 0 1 0
0 0 α/β 1
][
100
1
 ,
αβ0
0
] = [
100
1
 ,
0β0
0
].
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Finally, if γ = δ = β = 0, but α 6= 0, then
[
1 0 0 0
0 α−3/p 0 0
0 0 α3/p 0
0 0 0 1
 ,

α−1 0 0 0
0 α2 0 0
0 0 α 0
0 0 0 α−2
][

1
0
0
1
 ,

α
0
0
0
] = [

1
0
0
1
 ,

1
0
0
0
].
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
β
0
0
 ,

0
0
1
0
 ,

0
0
0
δ
 .
Theorem 6.2.2 The list of all restricted Lie algebra structures on L5,5 , up to isomorphism, is as
follows:
L15,5 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5〉;
L25,5 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, x
[p]
1 = x5〉;
L35,5(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, x
[p]
2 = βx5〉;
L45,5 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, x
[p]
3 = x5〉;
L55,5(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, x
[p]
4 = δx5〉
where β, γ ∈ F∗ .
The automorphism group of L5,5 consists of
a11 0 0 0 0
a21 a22 0 0 0
a31 a32 a11a22 −a11a21 0
a41 a42 0 a
2
11 0
a51 a52 d a54 a
2
11a22
 ,
with d = a11a32 + a21a42 − a41a22 .
Lemma 6.2.3 We have L35,5(β1)
∼= L35,5(β2) if and only if β1β
−1
2 ∈ (F
∗)2 .
Proof. Suppose that f = (aij) : L
3
5,5(β1) → L
3
5,5(β2) is an isomorphism. Then we have f(x
[p]
2 ) =
f(x2)
[p] which implies that β1/β2 = a
−2
11 a
p−1
22 ∈ (F
∗)2 . To prove the converse, suppose that β1/β2 =
ǫ2 , for some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L35,5(β1) to L
3
5,5(β2):
ǫ−1/p 0 0 0 0
0 ǫ2/p 0 0 0
0 0 ǫ1/p 0 0
0 0 0 ǫ−2/p 0
0 0 0 0 1


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Lemma 6.2.4 We have L55,5(δ)
∼= 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5, x
[p]
4 = x5〉 ,
for every δ ∈ F∗ .
Proof. 
1 0 0 0 0
0 δ−1 0 0 0
0 0 δ−1 0 0
0 0 0 1 0
0 0 0 0 δ−1
 .

6.3 Restriction maps on L5,6
Let L5,6 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5〉. We have Z(L5,6) =
〈x5〉F . Let
L =
L5,6
〈x5〉F
= 〈x1, x2, x3, x4 | [x1, x2] = x3, [x1, x3] = x4〉 ∼= L4,3.
The group Aut(L) consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0.
Lemma 6.3.1 Let K = L5,6 and [p] : K → K be a p-map on K and let L =
K
M where M = 〈x5〉F .
Then K ∼= Lθ where θ = (∆14 +∆23, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x4) = [σ(x1), σ(x4)]− σ([x1, x4]) = [x1, x4] = x5;
φ(x2, x3) = [σ(x2), σ(x3)]− σ([x2, x3]) = x5;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0;
Similarly, we can show that φ(x1, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆14 +∆23 . Now,
by Lemma 2.2.2, we have θ = (∆14 +∆23, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are four non-isomorphic restricted Lie algebra structures on L
given by the following p-maps:
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I.1 Trivial p-map;
I.2 x
[p]
1 = x4 ;
I.3 x
[p]
2 = ξx4 ;
I.4 x
[p]
3 = x4 .
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then,
in each case, we find all possible orbit representatives of the form (∆14 + ∆23, ω) under the action
of Autp(L) on H
2(L,F). By Lemma 6.3.1, we do get all possible p-maps on L5,6 with the property
that x
[p]
5 = 0.
Consider the case I.2 where the p-map of L is given by x
[p]
1 = x4 . Note that L
[p] = 〈x4〉F . Let
[(φ, ω)] ∈ H2(L,F). Then we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 +
c∆14 + d∆23 + e∆24 + f∆34 , for some a, b, c, d, e, f ∈ F . Hence, φ(x1, x4) = 0 which implies that
c = 0. Since φ = ∆14+∆23 gives us L5,6 , we deduce by Lemma 6.3.1 that L5,6 cannot be constructed
in this case. Similarly we can show that in cases I.3 and I.4 we also get c = 0. It remains to consider
the case I.1.
6.3.1 Extensions of L5,6/〈x5〉 via the trivial p-map
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4), and
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get e = f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L .
Therefore, a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12+ b∆13+ c∆14+d∆23, αf1+βf2+γf3+ δf4). So, there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Similarly, we can show that d = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12 + b∆13, 0) and hence
B2(L,F) = 〈(∆12, 0), (∆13, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆14, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆14 + b∆23 , for some a, b ∈ F . Suppose that Aφ =
a′∆14 + b
′∆23 , for some a
′, b′ ∈ F . We determine a′, b′ . Note that
Aφ(x1, x4) =φ(Ax1, Ax4) = φ(a11x1 + a21x2 + a31x3 + a41x4, a11rx4) = a
2
11ra;
Aφ(x2, x3) =φ(Ax2, Ax3) = φ(a22x2 + a32x3 + a42x4, rx3 + a11a32x4) = a22rb.
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In the matrix form we can write this as(
a′
b′
)
=
(
a211r 0
0 a22r
)(
a
b
)
. (6.3)
The orbit with representative
(
1
1
)
of this action gives us L5,6 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . We have
Aω(x1) =ω(Ax1) = ω(a11x1 + a21x2 + a31x3 + a41x4) = a
p
11α+ a
p
21β + a
p
31γ + a
p
41δ;
Aω(x2) =a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =r
pγ + ap11a
p
32δ;
Aω(x4) =a
p
11r
pδ.
In the matrix form we can write this as
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 rp ap11a
p
32
0 0 0 ap11r
p


α
β
γ
δ
 . (6.4)
Thus, we can write Equations (6.3) and (6.4) together as follows:
[
r
(
a211 0
0 a22
)
,

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 rp ap11a
p
32
0 0 0 ap11r
p
][(ab
)
,

α
β
γ
δ
] = [(a′b′
)
,

α′
β′
γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by
(
1
1
)
is preserved under the action of Aut(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that
δ 6= 0. Then
[(
1 0
0 1
)
,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1
][(11
)
,

α
β
γ
δ
] =[(11
)
,

0
0
γ
δ
], and
[(1 0
0 1
)
,

1 0 0 0
0 1 −γ/δ γ2/δ2
0 0 1 −γ/δ
0 0 0 1
][(11
)
,

0
0
γ
δ
] =[(11
)
,

0
0
0
δ
].
Next, if δ = 0 , but γ 6= 0, then
[(1 0
0 1
)
,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 −β/γ
0 0 0 1
][(11
)
,

α
β
γ
0
] = [(11
)
,

0
0
γ
0
].
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Next, if γ = δ = 0, but β 6= 0, then
[(
1 0
0 1
)
,

1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1
][(11
)
,

α
β
0
0
] = [(11
)
,

0
β
0
0
].
Finally, if β = γ = δ = 0, but α 6= 0, then we have
[(1
1
)
,

α
0
0
0
] .
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

α
0
0
0
 ,

0
β
0
0
 ,

0
0
γ
0
 ,

0
0
0
δ
 .
Theorem 6.3.2 The list of all restricted Lie algebra structures on L5,6 , up to isomorphism, is as
follows:
L15,6 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5〉;
L25,6(α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5, x
[p]
1 = αx5〉;
L35,6(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5, x
[p]
2 = βx5〉;
L45,6(γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5, x
[p]
3 = γx5〉;
L55,6(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, [x2, x3] = x5, x
[p]
4 = δx5〉
where α, γ, δ ∈ T2,5 and β ∈ T3,5 .
The automorphism group consists of
a11 0 0 0 0
a21 a
2
11 0 0 0
a31 a32 a
3
11 0 0
a41 a42 a11a32 a
4
11 0
a51 a52 u v a
5
11
 ,
where u = a11a42 + a21a32 − a31a
2
11 , v = a21a
3
11 + a32a
2
11 .
Lemma 6.3.3 We have L25,6(α1)
∼= L25,6(α2) if and only if α1/α2 = ǫ
p−5 , for some ǫ ∈ F∗ .
Proof. Suppose that f = (aij) : L
2
5,6(α1) → L
2
5,6(α2) is an isomorphism. Then we have f(x
[p]
1 ) =
f(x1)
[p] which implies that α1/α2 = a
p−5
11 . To prove the converse, suppose that α1/α2 = ǫ
p−5 , for
some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L25,6(α1) to L
2
5,6(α2):
ǫ 0 0 0 0
0 ǫ2 0 0 0
0 0 ǫ3 0 0
0 0 0 ǫ4 0
0 0 0 0 ǫ5


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Lemma 6.3.4 We have L35,6(β1)
∼= L35,6(β2) if and only if β1/β2 = ǫ
2p−5 , for some ǫ ∈ F∗ .
Proof. Suppose that f = (aij) : L
3
5,6(β1) → L
3
5,6(β2) is an isomorphism. Then we have f(x
[p]
2 ) =
f(x2)
[p] which implies that α1/α2 = a
2p−5
11 . To prove the converse, suppose that β1/β2 = ǫ
2p−5 , for
some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L25,6(α1) to L
2
5,6(α2):
ǫ 0 0 0 0
0 ǫ2 0 0 0
0 0 ǫ3 0 0
0 0 0 ǫ4 0
0 0 0 0 ǫ5


Lemma 6.3.5 We have L45,6(γ1)
∼= L45,6(γ2) if and only if γ1/γ2 = ǫ
3p−5 , for some ǫ ∈ F∗ .
Proof. Suppose that f = (aij) : L
4
5,6(γ1) → L
4
5,6(γ2) is an isomorphism. Then we have f(x
[p]
3 ) =
f(x3)
[p] which implies that γ1/γ2 = a
3p−5
11 . To prove the converse, suppose that γ1/γ2 = a
3p−5
11 , for
some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L45,6(γ1) to L
4
5,6(γ2):
ǫ 0 0 0 0
0 ǫ2 0 0 0
0 0 ǫ3 0 0
0 0 0 ǫ4 0
0 0 0 0 ǫ5


Lemma 6.3.6 We have L55,6(δ1)
∼= L55,6(δ2) if and only if δ1/δ2 = ǫ
4p−5 , for some ǫ ∈ F∗ .
Proof. Suppose that f = (aij) : L
5
5,6(δ1) → L
5
5,6(δ2) is an isomorphism. Then we have f(x
[p]
4 ) =
f(x4)
[p] which implies that δ1/δ2 = a
4p−5
11 . To prove the converse, suppose that δ1/δ2 = ǫ
4p−5 , for
some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L55,6(δ1) to L
5
5,6(δ2):
ǫ 0 0 0 0
0 ǫ2 0 0 0
0 0 ǫ3 0 0
0 0 0 ǫ4 0
0 0 0 0 ǫ5


6.4 Restriction maps on L5,7
Let L5,7 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5〉. We have Z(L5,7) = 〈x5〉F . Let
L =
L5,7
〈x5〉
∼= L4,3,
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where L4,3 = 〈x1, . . . , x4 | [x1, x2] = x3, [x1, x3] = x4〉 . Note that the group Aut(L) consists of
invertible matrices of the form 
a11 0 0 0
a21 a22 0 0
a31 a32 r 0
a41 a42 a11a32 a11r
 ,
where r = a11a22 6= 0.
Lemma 6.4.1 Let K = L5,7 and [p] : K → K be a p-map on K and let L =
K
M where M = 〈x5〉F .
Then K ∼= Lθ where θ = (∆14, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x4) = [σ(x1), σ(x4)]− σ([x1, x4]) = [x1, x4] = x5;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0;
Similarly, we can show that φ(x1, x3) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆14 .
Now, by Lemma 2.2.2, we have θ = (∆14, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Note that by Theorem 2.3.2, there are four non-isomorphic restricted Lie algebra structures on
L4,3 given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x4 ;
I.3 x
[p]
2 = ξx4 ;
I.4 x
[p]
3 = x4 .
In the following subsections, we make L into a restricted Lie algebra by equipping it with each of
the above p-maps. Then, in each case, we find all possible orbit representatives of the form (∆14, ω)
under the action of Autp(L) on H
2(L,F). By Lemma 6.4.1, we do get all possible p-maps on L5,7
with the property that x
[p]
5 = 0.
Consider the case I.2 where the p-map of L is given by x
[p]
1 = x4 . Let [(φ, ω)] ∈ H
2(L,F). Then
we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34 ,
for some a, b, c, d, e, f ∈ F . Since L[p] = 〈x4〉F , we get φ(x1, x4) = 0 which implies that c = 0. Since
φ = ∆14 gives us L5,7 , we deduce by Lemma 6.4.1 that L5,7 cannot be constructed in this case.
Similarly, we can show in cases I.3 and I.4 we also get c = 0. It remains to consider the case I.1.
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6.4.1 Extensions of L5,7/〈x5〉 via the trivial p-map
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4), and
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get e = f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L .
Therefore, a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12+ b∆13+ c∆14+d∆23, αf1+βf2+γf3+ δf4). So, there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Similarly, we can show that d = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12 + b∆13, 0) and hence
B2(L,F) = 〈(∆12, 0), (∆13, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆14, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆14 + b∆23 , for some a, b ∈ F . Suppose that Aφ =
a′∆14 + b
′∆23 , for some a
′, b′ ∈ F . We determine a′, b′ . Note that
Aφ(x1, x4) =φ(Ax1, Ax4) = φ(a11x1 + a21x2 + a31x3 + a41x4, a11rx4) = a
2
11ra;
Aφ(x2, x3) =φ(Ax2, Ax3) = φ(a22x2 + a32x3 + a42x4, rx3 + a11a32x4) = a22rb.
In the matrix form we can write this as(
a′
b′
)
=
(
a211r 0
0 a22r
)(
a
b
)
. (6.5)
The orbit with representative
(
1
0
)
of this action gives us L5,7 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 + β
′f2 +
γ′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . We have
Aω(x1) =ω(Ax1) = ω(a11x1 + a21x2 + a31x3 + a41x4) = a
p
11α+ a
p
21β + a
p
31γ + a
p
41δ;
Aω(x2) =a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =r
pγ + ap11a
p
32δ;
Aω(x4) =a
p
11r
pδ.
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In the matrix form we can write this as
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 rp ap11a
p
32
0 0 0 ap11r
p


α
β
γ
δ
 . (6.6)
Thus, we can write Equations (6.5) and (6.6) together as follows:
[
r
(
a211 0
0 a22
)
,

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 rp ap11a
p
32
0 0 0 ap11r
p
][(ab
)
,

α
β
γ
δ
] = [(a′b′
)
,

α′
β′
γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by
(
1
0
)
is preserved under the action of Aut(L) on the set of φ ’s. Let ν =

α
β
γ
δ
 ∈
F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that δ 6= 0. Then
[(
1 0
0 1
)
,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1
][(10
)
,

α
β
γ
δ
] = [(10
)
,

0
0
γ
δ
], and
[(
1 0
0 1
)
,

1 0 0 0
0 1 −γ/δ γ2/δ2
0 0 1 −γ/δ
0 0 0 1
][(10
)
,

0
0
γ
δ
] = [(10
)
,

0
0
0
δ
], and
[
δ−2/p
(
δ2/p 0
0 δ−3/p
)
,

δ 0 0 0
0 δ−3 0
0 0 δ−2 0
0 0 0 δ−1
][(10
)
,

0
0
0
δ
] = [(10
)
,

0
0
0
1
].
Next, if δ = 0 , but γ 6= 0, then
[(
1 0
0 1
)
,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 −β/γ
0 0 0 1
][(10
)
,

α
β
γ
0
] = [(10
)
,

0
0
γ
0
].
Next, if γ = δ = 0, but β 6= 0, then
[(1 0
0 1
)
,

1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1
][(10
)
,

α
β
0
0
] = [(10
)
,

0
β
0
0
].
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Finally, if β = γ = δ = 0, but α 6= 0, then we have
[
α2/p
(
α−2/p 0
0 α3/p
)
,

α−1 0 0 0
0 α3 0 0
0 0 α2 0
0 0 0 α
][(10
)
,

α
0
0
0
] = [(10
)
,

1
0
0
0
].
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
β
0
0
 ,

0
0
γ
0
 ,

0
0
0
1
 .
Theorem 6.4.2 The list of all restricted Lie algebra structures on L5,7 , up to isomorphism, is as
follows:
L15,7 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5〉;
L25,7 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, x
[p]
1 = x5〉;
L35,7(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, x
[p]
2 = βx5〉;
L45,7(γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, x
[p]
3 = γx5〉;
L55,7 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5, x
[p]
4 = x5〉
where β, γ ∈ F∗ .
The automorphism group Aut(L5,7) consists of
a11 0 0 0 0
a21 a22 0 0 0
a31 a32 a11a22 0 0
a41 a42 a11a32 a
2
11a22 0
a51 a52 a11a42 a
2
11a32 a
3
11a22
 .
Lemma 6.4.3 We have L35,7(β1)
∼= L35,7(β2) if and only if the exists non-zero x, y ∈ F
∗ such that
β1/β2 = x
3yp−1 .
Proof. Let f = (aij) ∈ Aut(L5,7). We just need to observe that f is an isomorphism between
L35,7(β1) and L
3
5,7(β2) if and only if f(x
[p]
2 ) = f(x2)
[p] which in turn is equivalent to saying that
β1/β2 = a
−3
11 a
p−1
22 .

Note that the solutions to Equation β1/β2 = x
3yp−1 in Lemma 6.4.3 depends on the underlying
field. For example, over the prime field Fp , we have that L
3
5,7(β1)
∼= L35,7(β2) if and only if the ratio
β1/β2 is a cubic.
Lemma 6.4.4 We have L45,7(γ1)
∼= L45,7(γ2) if and only if γ1/γ2 ∈ (F
∗)2 .
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Proof. Suppose that f = (aij) : L
4
5,7(γ1) → L
4
5,7(γ2) is an isomorphism. Then we have f(x
[p]
3 ) =
f(x3)
[p] which implies that γ1/γ2 = a
p−3
11 a
p−1
22 ∈ (F
∗)2 . To prove the converse, suppose that γ1/γ2 =
ǫ2 , for some ǫ ∈ F∗ . It is easy to see that the following is an isomorphism from L45,7(γ1) to L
4
5,7(γ2):
ǫ−1/p 0 0 0 0
0 ǫ3/p 0 0 0
0 0 ǫ2/p 0 0
0 0 0 ǫ1/p 0
0 0 0 0 1
 .

Chapter 7
Restriction maps on L5,8
Let
K8 = L5,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉.
Then Z(L5,8) = 〈x4, x5〉F and the group Aut(L5,8) consists of invertible matrices of the form
a11 0 0 0 0
a21 a22 a23 0 0
a31 a32 a33 0 0
a41 a42 a43 a11a22 a11a23
a51 a52 a53 a11a32 a11a33
 .
Note that there exists an element αx4 + βx5 ∈ Z(L5,8) such that (αx4 + βx5)
[p] = 0, for some
α, β ∈ F . If α 6= 0 then consider
K = 〈y1, . . . , y5 | [y1, y2] = y4, [y1, y3] = y5〉,
where y1 = x1, y2 = αx2 + βx3, y3 = x3, y4 = αx4 + βx5, y5 = x5 . Let φ : K8 → K given by xi 7→ yi ,
for 1 6 i 6 5. It is easy to see that φ is an isomorphism. Therefore, in this case we can suppose
that x
[p]
4 = 0. If α = 0 then β 6= 0 and we rescale x5 so that x
[p]
5 = 0. Hence we can assume either
x
[p]
4 = 0 or x
[p]
5 = 0. Consider the automorphism of K8 given by x1 7→ x1, x2 7→ x3, x3 7→ x2, x4 7→ x5
and x5 7→ x4 . Using this automorphism, we deduce that it is enough to determine all the p-maps on
K8 for which x
[p]
5 = 0.
Lemma 7.0.5 Let K = L5,8 and [p] : K → K be a p-map on K such that x
[p]
5 = 0 and let L =
K
M
where M = 〈x5〉F . Then K
∼= Lθ where θ = (∆13, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x1, x3) = [σ(x1), σ(x3)]− σ([x1, x3]) = [x1, x3] = x5;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0.
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Similarly, we can show that φ(x1, x4) = φ(x2, x3) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆13 .
Now, by Lemma, 2.2.2 we have θ = (∆13, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
Let
L =
L5,8
〈x5〉
= 〈x1, x2, x3, x4 | [x1, x2] = x4〉.
Then L ∼= L4,2 and the group Aut(L) consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 a33 0
a41 a42 a43 r
 ,
where r = a11a22 − a12a21 6= 0. By Theorem 2.3.2, there are eight non-isomorphic restricted Lie
algebra structures on L given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x4 ;
I.3 x
[p]
1 = x3 ;
I.4 x
[p]
1 = x4, x
[p]
2 = x3 ;
I.5 x
[p]
4 = x3 ;
I.6 x
[p]
4 = x3, x
[p]
2 = x4 ;
I.7 x
[p]
3 = x4 ;
I.8 x
[p]
3 = x4, x
[p]
2 = x3 .
We make L into a restricted Lie algebra by equipping it with each of the above p-maps. Then, in
each case, we find all possible orbit representatives of the form (∆13, ω) under the action of Autp(L)
on H2(L,F). By Lemma 7.0.5, we do get all possible p-maps on K8 .
Consider the case I.3 where the p-map of L is given by x
[p]
1 = x3 . Let (φ, ω) ∈ Z
2(L,F). Then
we must have φ(x, y[p]) = 0, for all x, y ∈ L , where φ = a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34 ,
for some a, b, c, d, e, f ∈ F . Since L[p] = 〈x3〉 , we get φ(x1, x3) = 0. So, b = 0. Since φ = ∆13 gives
us L5,8 , we deduce by Lemma 7.0.5 that L5,8 cannot be constructed in this case. Similarly, we can
show that in cases I.4, I.5, I.6, and I.8 we also get b = 0 and so we cannot put a p-map on L5,8 . We
consider the remaining cases in the following sections.
7.1 Extensions of (L, trivial p-map)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x4, x3).
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Thus, we get f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L . Therefore,
a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (∆24, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24, αf1 + βf2 + γf3 + δf4). So, there exists a linear map
ψ : L→ F such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = d = e = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12, 0) and hence B
2(L,F) =
〈(∆12, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆13, 0)], [(∆14, 0)], [(∆23, 0)], [(∆24, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13+b∆14+c∆23+d∆24 , for some a, b, c, d ∈ F . Suppose
that Aφ = a′∆13 + b
′∆14 + c
′∆23 + d
′∆24, for some a
′, b′, c′, d′ ∈ F . We determine a′, b′, c′, d′ . Note
that
Aφ(x1, x3) = a11a33a+ a11a43b+ a21a33c+ a21a43d;
Aφ(x1, x4) = a11rb + a21rd;
Aφ(x2, x3) = a12a33a+ a12a43b+ a22a33c+ a22a43d;
Aφ(x2, x4) = a12rb + a22rd.
In the matrix form we can write this as
a′
b′
c′
d′
 =

a11a33 a11a43 a21a33 a21a43
0 a11r 0 a21r
a12a33 a12a43 a22a33 a22a43
0 a12r 0 a22r


a
b
c
d
 . (7.1)
The orbit with representative

1
0
0
0
 of this action gives us L5,8 .
Also, we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . We determine α′, β′, γ′, δ′ . Note that
Aω(x1) = ω(Ax1) = ω(a11x1 + a21x2 + a31x3 + a41x4) = a
p
11α+ a
p
21β + a
p
31γ + a
p
41δ;
Aω(x2) = a
p
12α+ a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) = a
p
33γ + a
p
43δ;
Aω(x4) = r
pδ.
In the matrix form we can write this as
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
ap12 a
p
22 a
p
32 a
p
42
0 0 ap33 a
p
43
0 0 0 rp


α
β
γ
δ
 . (7.2)
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Thus, we can write Equations (7.1) and (7.2) together as follows:
[a11a33 a11a43 a21a33 a21a430 a11r 0 a21ra12a33 a12a43 a22a33 a22a43
0 a12r 0 a22r
 ,
a
p
11
ap
21
ap
31
ap
41
ap
12
ap
22
ap
32
ap
42
0 0 ap
33
ap
43
0 0 0 rp
][
abc
d
 ,
αβγ
δ
] = [
a
′
b′
c′
d′
 ,
α
′
β′
γ′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by

1
0
0
0
 is preserved under the action of Aut(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that
δ 6= 0. Then
[
1 −γ/δ 0 0
0 1 0 0
0 0 1 −γ/δ
0 0 0 1
 ,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 −γ/δ
0 0 0 1
][

1
0
0
0
 ,

α
β
γ
δ
] = [

1
0
0
0
 ,

0
0
0
δ
], and
[
1 0 0 0
0 δ−2/p 0 0
0 0 δ1/p 0
0 0 0 δ−1/p
 ,

1/δ 0 0 0
0 1 0 0
0 0 δ 0
0 0 0 1/δ
][

1
0
0
0
 ,

0
0
0
δ
] = [

1
0
0
0
 ,

0
0
0
1
].
Next, if δ = 0, but γ 6= 0, then
[
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 ,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 0
0 0 0 1
][

1
0
0
0
 ,

α
β
γ
0
] = [

1
0
0
0
 ,

0
0
γ
0
], and
[
1 0 0 0
0 γ2/p 0 0
0 0 γ−1/p 0
0 0 0 γ1/p
 ,

γ 0 0 0
0 1 0 0
0 0 1/γ 0
0 0 0 γ
][

1
0
0
0
 ,

0
0
γ
0
] = [

1
0
0
0
 ,

0
0
1
0
].
Next, if δ = γ = 0, but β 6= 0, then
[1 0 (−α/β)
1/p 0
0 1 0 (−α/β)1/p
0 0 1 0
0 0 0 1
 ,
1 −α/β 0 00 1 0 00 0 1 0
0 0 0 1
][
100
0
 ,
αβ0
0
] = [
100
0
 ,
0β0
0
], and
[
1 0 0 0
0 (1/β)1/p 0 0
0 0 (1/β)1/p 0
0 0 0 (1/β)2/p
 ,
1 0 0 00 1/β 0 00 0 1 0
0 0 0 1/β
][
100
0
 ,
0β0
0
] = [
100
0
 ,
010
0
].
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Finally, if δ = γ = β = 0, but α 6= 0, then
[1 0 0 00 α−2/p 0 00 0 α1/p 0
0 0 0 α−1/p
 ,
1/α 0 0 00 1 0 0
0 0 α 0
0 0 0 1/α
][10
0
0
 ,
α0
0
0
] = [
10
0
0
 ,
10
0
0
].
Thus the following elements are Aut(L)-orbit representatives:
0
0
0
0
 ,

1
0
0
0
 ,

0
1
0
0
 ,

0
0
1
0
 ,

0
0
0
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K18 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉;
K28 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x5〉;
K38 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = x5〉;
K48 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x5〉;
K58 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
4 = x5〉.
7.2 Extensions of (L, x
[p]
1 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x4, x3).
Thus, we get f = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence
φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a
basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x4), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x4), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
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Similarly, we can show that γ = δ = 0. Note that ψ(x4) = a = α . Therefore, (φ, ω) = (a∆12, af1)
and hence B2(L,F) = 〈(∆12, f1)〉F . Note that
[(∆12, 0)], [(∆13, 0)], [(∆23, 0)], [0, f1], [(0, f2)], [(0, f3)], [(0, f4)]
spans H2(L,F). Since [(∆12, 0)] + [(0, f1)] = [(∆12, f1)] = [0], then [(0, f1)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 6. Therefore,
[(∆12, 0)], [(∆13, 0)], [(∆23, 0)], [(0, f2)], [(0, f3)], [(0, f4)].
forms a basis for H2(L,F).
Note that the group Aut(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 a33 0
a41 a42 a43 r
 ,
where r = a11a22 − a12a21 = a
p
11 and a12 = 0.
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆12 + c∆23 , for some a, b, c ∈ F . Suppose
that Aφ = a′∆13 + b
′∆12 + c
′∆23 , for some a
′, b′, c′ ∈ F . We determine a′, b′, c′ . Note that
Aφ(x1, x3) = φ(a11x1 + a21x2 + a31x3 + a41x4, a33x3 + a43x4) = a11a33a+ a21a33c;
Aφ(x1, x2) = φ(a11x1 + a21x2 + a31x3 + a41x4, a12x1 + a22x2 + a32x3 + a42x4)
= (a11a32 − a31a12)a+ (a11a22 − a12a21)b+ (a21a32 − a31a22)c;
Aφ(x2, x3) = φ(a12x1 + a22x2 + a32x3 + a42x4, a33x3 + a43x4) = a12a33a+ a22a33c.
In the matrix form we can write this as
a′b′
c′
 =
a11a33 0 a21a33a11a32 a11a22 a21a32 − a31a22
0 0 a22a33
ab
c
 . (7.3)
The orbit with representative
10
0
 of this action gives us L5,8 .
Also, we have ω = βf2 + γf3 + δf4 , for some β, γ, δ ∈ F . Suppose that Aω = β
′f2 + γ
′f3 + δ
′f4 ,
for some β′, γ′, δ′ ∈ F . We have
Aω(x2) = a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) = a
p
33γ + a
p
43δ;
Aω(x4) = r
pδ.
In the matrix form we can write this asβ′γ′
δ′
 =
ap22 ap32 ap420 ap33 ap43
0 0 ap
2
11
βγ
δ
 . (7.4)
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Thus, we can write Equations (7.3) and (7.4) together as follows:
[(a11a33 0 a21a33
a11a32 a11a22 a21a32−a31a22
0 0 a22a33
)
,
ap22 ap32 ap420 ap
33
ap
43
0 0 ap
2
11
][(ab
c
)
,
(
β
γ
δ
)]
=
[(a′
b′
c′
)
,
(
β′
γ′
δ′
)]
.
Note that Aφ(x1, x4) = Aφ(x2, x4) = Aφ(x3, x4) = 0 and Aω(x1) = 0 which imply that a
p
21β +
ap31γ + a
p
41δ = 0. Now we find the representatives of the orbits of the action of Aut(L) on the set of
ω ’s such that the orbit represented by
10
0
 is preserved under the action of Aut(L) on the set of
φ ’s. Note that we need to have ap21β + a
p
31γ + a
p
41δ = 0.
Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Aut(L)-orbit. Let ν 6= 0. Suppose that
δ 6= 0. Then
[1 0 00 1 0
0 0 1
 ,
1 0 −β/δ0 1 −γ/δ
0 0 1
][10
0
 ,
βγ
δ
] = [
10
0
 ,
00
δ
], and
[1 0 00 (1/δ)1/p 0
0 0 δ
p−2
p2
 ,
(1/δ) p−1p 0 00 δ1/p 0
0 0 1/δ
][10
0
 ,
00
δ
] = [
10
0
 ,
00
1
].
Next, if δ = 0, but γ 6= 0, then
[1 0 00 γ 0
0 0 γ
p−2
p
 ,
γp−1 0 00 1/γ 0
0 0 γp
][10
0
 ,
βγ
0
] = [
10
0
 ,
γp−1β1
0
].
If β = 0, then we have
01
0
 . If β 6= 0, then we rename γp−1β with β and we have
β1
0
 .
Finally, if δ = γ = 0, but β 6= 0, then we have
β0
0
 . Thus the following elements are Aut(L)-orbit
representatives: 00
0
 ,
β0
0
 ,
01
0
 ,
00
1
 ,
β1
0
 .
Lemma 7.2.1 The vectors
β11
0
 and
β21
0
 are in the same Aut(L)-orbit if and only if β1 = β2 .
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Proof. First assume that
β11
0
 and
β21
0
 are in the same Aut(L)-orbit. Then
[(a11a33 0 a21a33
a11a32 a11a22 a21a32−a31a22
0 0 a22a33
)
,
ap22 ap32 ap420 ap
33
ap
43
0 0 ap
2
11
][(10
0
)
,
(
β1
1
0
)]
=
[(1
0
0
)
,
(
β2
1
0
)]
.
From this we obtain that
a11a33 = 1 (7.5)
a11a32 = 0 (7.6)
ap22β1 + a
p
32 = β2 (7.7)
ap33 = 1. (7.8)
Then using Equation (7.6) and (7.7), we get that β2β
−1
1 = a
p
22 . Note that we have r = a
p
11 which get
that a22 = a
p−1
11 and hence β2β
−1
1 = a
p
22 = (a
p
11)
p−1 . Now using Equation (7.5) and (7.8), we obtain
that ap11 = 1 which implies that β2β
−1
1 = 1. Therefore, β1 = β2 . The converse is clear. 
Therefore, the corresponding restricted Lie algebra structures are as follows:
K68 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4〉;
K78 (β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5〉;
K88 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
3 = x5〉;
K98 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
4 = x5〉;
K108 (β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5, x
[p]
3 = x5〉
where β ∈ F∗ .
Lemma 7.2.2 We have K78 (β)
∼= 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = x5〉 , for
every β ∈ F∗ .
Proof. Note that the following automorphism of L5,8 gives us the required result:
1 0 0 0 0
0 1 0 0 0
0 0 1/β 0 0
0 0 0 1 0
0 0 0 0 1/β
 .

Lemma 7.2.3 We have K108 (β1)
∼= K108 (β2) if and only if β1/β2 = ǫ
p−2 , for some ǫ ∈ F∗ .
Proof. Let f = (aij) ∈ Aut(K
10
8 ). Then f is an isomorphism from K
10
8 (β1) to K
10
8 (β2) if and only
if
a22 = a
p−1
11 , a11 = a
p−1
33 , β1/β2 = a
p
22a
−1
11 a
−1
33 ,
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and this in turn simplifies to having
β1/β2 = a
p2(p−2)
33 .
To prove the converse, suppose that β1/β2 = ǫ
p−2 , for some ǫ ∈ F∗ . Then, it is easy to see that the
following is an isomorphism from K108 (β1) to K
10
8 (β2):
ǫ(p−1)/p
2
0 0 0 0
0 ǫ(p−1)
2/p2 0 0 0
0 0 ǫ1/p
2
0 0
0 0 0 ǫ(p−1)
3/p2 0
0 0 0 0 ǫ1/p
 .

7.3 Extensions of (L, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore, we have
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x4, x3).
Thus, we get f = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and hence
φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F) has a
basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x4), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = 0.
Similarly, we can show that c = 0. Also, we have
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = δ = 0. Note that ψ(x4) = a = γ . Therefore, (φ, ω) = (a∆12, af3)
and hence B2(L,F) = 〈(∆12, f3)〉F . Note that
[(∆12, 0)], [(∆13, 0)], [(∆23, 0)], [0, f1], [(0, f2)], [(0, f3)], [(0, f4)]
spans H2(L,F). Since [(∆12, 0)] + [(0, f3)] = [(∆12, f3)] = [0], then [(0, f3)] is an scalar multiple of
[(∆12, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 6. Therefore,
[(∆12, 0)], [(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f4)].
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forms a basis for H2(L,F).
Note that the group Aut(L) in this case consists of invertible matrices of the form
a11 a12 0 0
a21 a22 0 0
a31 a32 a33 0
a41 a42 a43 r
 ,
where r = a11a22 − a12a21 = a
p
33 and a31 = a32 = 0.
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆12 + c∆23 , for some a, b, c ∈ F . Suppose
that Aφ = a′∆13 + b
′∆12 + c
′∆23 , for some a
′, b′, c′ ∈ F . We determine a′, b′, c′ . Note that
Aφ(x1, x3) = φ(a11x1 + a21x2 + a31x3 + a41x4, a33x3 + a43x4) = a11a33a+ a21a33c;
Aφ(x1, x2) = φ(a11x1 + a21x2 + a31x3 + a41x4, a12x1 + a22x2 + a32x3 + a42x4)
= (a11a32 − a31a12)a+ (a11a22 − a12a21)b+ (a21a32 − a31a22)c;
Aφ(x2, x3) = φ(a12x1 + a22x2 + a32x3 + a42x4, a33x3 + a43x4) = a12a33a+ a22a33c.
In the matrix form we can write this asa′b′
c′
 =
a11a33 0 a21a330 a11a22 − a12a21 0
a12a33 0 a22a33
ab
c
 . (7.9)
The orbit with representative
10
0
 of this action gives us L5,8 .
Also, we have ω = αf1 + βf2 + δf4 , for some α, β, δ ∈ F . Suppose that Aω = α
′f1 + β
′f2 + δ
′f4 ,
for some α′, β′, δ′ ∈ F . We have
Aω(x1) = a
p
11α+ a
p
21β + a
p
41δ;
Aω(x2) = a
p
12α+ a
p
22β + a
p
42δ;
Aω(x4) = r
pδ.
In the matrix form we can write this asα′β′
δ′
 =
ap11 ap21 ap41ap12 ap22 ap42
0 0 ap
2
33
αβ
δ
 . (7.10)
Thus, we can write Equations (7.9) and (7.10) together as follows:
[a11a33 0 a21a330 a11a22 − a12a21 0
a12a33 0 a22a33
 ,
ap11 ap21 ap41ap12 ap22 ap42
0 0 ap
2
33
][ab
c
 ,
αβ
δ
]
=
[a′b′
c′
 ,
α′β′
δ′
].
Note that Aφ(x1, x4) = Aφ(x2, x4) = Aφ(x3, x4) = 0 and Aω(x3) = 0 which imply that a
p
43δ = 0.
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that
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the orbit represented by
10
0
 is preserved under the action of Aut(L) on the set of φ ’s. Note that
we take a43 = 0. Therefore, a
p
43δ = 0. Let ν =
αβ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an
Aut(L)-orbit. Let ν 6= 0. Suppose that δ 6= 0. Then
[1 0 00 1 0
0 0 1
 ,
1 0 −α/δ0 1 −β/δ
0 0 1
][10
0
 ,
αβ
δ
] = [
10
0
 ,
00
δ
], and
[1 0 00 (1/δ)1/p 0
0 0 (1/δ)
p+2
p2
 ,
δ1/p 0 00 (1/δ) p+1p 0
0 0 1/δ
][10
0
 ,
00
δ
] = [
10
0
 ,
00
1
].
Next, if δ = 0, but β 6= 0, then
[1 0 (−α/β)1/p0 1 0
0 0 1
 ,
1 −α/β 00 1 0
0 0 1
][10
0
 ,
αβ
0
] = [
10
0
 ,
0β
0
].
Finally, if δ = β = 0, but α 6= 0, then
[1 0 00 α 0
0 0 α
p+2
p
 ,
1/α 0 00 αp+1 0
0 0 αp
][10
0
 ,
α0
0
] = [
10
0
 ,
10
0
].
Thus the following elements are Aut(L)-orbit representatives:00
0
 ,
10
0
 ,
0β
0
 ,
00
1
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K118 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x4〉;
K128 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x5, x
[p]
3 = x4〉;
K138 (β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = βx5, x
[p]
3 = x4〉;
K148 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x4, x
[p]
4 = x5〉
where β ∈ F∗ .
Lemma 7.3.1 We have K138 (β1) and K
13
8 (β2) are isomorphic if and only if β1/β2 = ǫ
p+1 , for some
ǫ ∈ F∗ .
Proof. Let f = (aij) ∈ Aut(K
10
8 ). Then f is an isomorphism from K
13
8 (β1) to K
13
8 (β2) if and only
if
a11 = a
p
33a
−1
22 , β1/β2 = a
p
22a
−1
11 a
−1
33 ,
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and this in turn simplifies to having
β1/β2 = (
a22
a33
)p+1.
To prove the converse, suppose that β1/β2 = ǫ
p+1 , for some ǫ ∈ F∗ . Then, it is easy to see that the
following is an isomorphism from K138 (β1) to K
13
8 (β2):
ǫ−1/p 0 0 0 0
0 ǫ1/p 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 ǫ−1/p
 .

7.4 Detecting isomorphisms
The following is the list of all restricted Lie algebra structures on L5,8 and yet, as we shall see below,
we prove that some of them are isomorphic.
K18 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉;
K28 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x5〉;
K38 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = x5〉;
K48 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x5〉;
K58 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
4 = x5〉;
K68 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4〉;
K78 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = x5〉;
K88 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
3 = x5〉;
K98 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
4 = x5〉;
K108 (β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5, x
[p]
3 = x5〉;
K118 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x4〉;
K128 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x5, x
[p]
3 = x4〉;
K138 (β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = βx5, x
[p]
3 = x4〉;
K148 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x4, x
[p]
4 = x5〉.
Note that the following automorphism of L5,8 that maps x1 7→ x1 , x2 7→ x3 , x3 7→ x2 , x4 7→ x5
and x5 7→ x4 
1 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 0 0 0 1
0 0 0 1 0

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implies that
K28
∼= K68 , K
3
8
∼= K118 , K
7
8
∼= K128 .
Moreover, K108 (β)
∼= K88 via the automorphism
1 0 0 0 0
0 1 0 0 0
β1/p
2
β1/p 1 0 0
0 0 0 1 0
0 0 0 β1/p 1
 .
Theorem 7.4.1 The list of all the restricted Lie algebra structures on L5,8 , up to isomorphism, is
as follows:
L15,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5〉;
L25,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x5〉;
L35,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = x5〉;
L45,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x5〉;
L55,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
4 = x5〉;
L65,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
2 = x5〉;
L75,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
3 = x5〉;
L85,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
1 = x4, x
[p]
4 = x5〉;
L95,8(β) = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
2 = βx5, x
[p]
3 = x4〉;
L105,8 = 〈x1, . . . , x5 | [x1, x2] = x4, [x1, x3] = x5, x
[p]
3 = x4, x
[p]
4 = x5〉
where β ∈ F∗ .
In the remaining of this section we establish that the algebras given in Theorem 7.4.1 are pairwise
non-isomorphic, thereby completing the proof of Theorem 7.4.1.
It is clear that L15,8 is not isomorphic to the other restricted Lie algebras.
We claim that L25,8 and L
3
5,8 are not isomorphic. Suppose to the contrary that there exists an
isomorphism A : L35,8 → L
2
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0 which is a contradiction.
Next, we claim that L25,8 and L
4
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L45,8 → L
2
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p] 0 = ap11x5.
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Therefore, a11 = 0 which is a contradiction.
Next, we claim that L25,8 and L
5
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,8 → L
2
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x5.
Therefore, a11 = 0 which is a contradiction.
It is clear that L25,8 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L35,8 and L
4
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L45,8 → L
3
5,8 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x5) = (a23x2 + a33x3 + a43x4 + a53x5)
[p]
a11a23x4 + a11a33x5 = a
p
23x5,
which implies that a11a23 = 0 and a11a33 = a
p
23 . Therefore, a11 = 0 or a23 = 0. First, if a11 = 0,
we have a contradiction. Next, if a23 = 0 then a11a33 = 0 and a11a23 = 0 which is a contradiction.
Next, we claim that L35,8 and L
5
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,8 → L
3
5,8 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x5) = (a11a22x4 + a11a32x5)
[p]
a11a23x4 + a11a33x5 = 0.
Therefore, a11a23 = 0 and a11a33 = 0 which is a contradiction.
It is clear that L35,8 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L45,8 and L
5
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L55,8 → L
4
5,8 . Then
A(x
[p]
4 ) = A(x4)
[p]
A(x5) = (a11a22x4 + a11a32x5)
[p]
a11a23x4 + a11a33x5 = 0.
Therefore, a11a23 = 0 and a11a33 = 0 which is a contradiction.
It is clear that L45,8 and L
5
5,8 are not isomorphic to the other restricted Lie algebras.
Next, we claim that L65,8 and L
7
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L75,8 → L
6
5,8 . Then
A(x
[p]
3 ) = A(x3)
[p]
A(x5) = (a23x2 + a33x3 + a43x4 + a53x5)
[p]
a11a23x4 + a11a33x5 = a
p
23x5,
which implies that a11a23 = 0 and a11a33 = a
p
23 . Therefore, a11 = 0 or a23 = 0. First, if a11 = 0,
we have a contradiction. Next, if a23 = 0 then a11a33 = 0 and a11a23 = 0 which is a contradiction.
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Note that L65,8 is not isomorphic to any of L
8
5,8 , L
10
5,8 because (L
6
5,8)
[p]2 = 0 but (L85,8)
[p]2 6= 0,
(L105,8)
[p]2 6= 0.
Next, we claim that L65,8 and L
9
5,8(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L95,8(β)→ L
6
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4 + a
p
21x5.
Therefore, a11 = 0 which is a contradiction.
Note that L75,8 is not isomorphic to any of L
8
5,8 , L
10
5,8 because (L
7
5,8)
[p]2 = 0 but (L85,8)
[p]2 6= 0,
(L105,8)
[p]2 6= 0.
Next, we claim that L75,8 and L
9
5,8(β) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L95,8(β)→ L
7
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4 + a
p
31x5.
Therefore, a11 = 0 which is a contradiction.
Note that L85,8 is not isomorphic to L
9
5,8(β), because (L
9
5,8(β))
[p]2 = 0 but (L85,8)
[p]2 6= 0.
Next, we claim that L85,8 and L
10
5,8 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L105,8 → L
8
5,8 . Then
A(x
[p]
1 ) = A(x1)
[p]
0 = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
0 = ap11x4 + a
p
41x5.
Therefore, a11 = 0 which is a contradiction.
Note that L95,8(β) is not isomorphic to L
10
5,8 , because (L
9
5,8(β))
[p]2 = 0 but (L105,8)
[p]2 6= 0.
Chapter 8
Restriction maps on L5,9
Let
K9 = L5,9 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉.
Then Z(K9) = 〈x4, x5〉F and the group Aut(L5,9) consists of invertible matrices of the form
a11 a12 0 0 0
a21 a22 0 0 0
a31 a32 u 0 0
a41 a42 a11a32 − a12a31 a11u a12u
a51 a52 a21a32 − a22a31 a21u a22u
 , (8.1)
where u = a11a22 − a12a21 6= 0. Note that there exists an element αx4 + βx5 ∈ Z(L5,9) such that
(αx4 + βx5)
[p] = 0, for some α, β ∈ F . If α 6= 0 then consider
K = 〈x′1, . . . , x
′
5 | [x
′
1, x
′
2] = x
′
3, [x
′
1, x
′
3] = x
′
4, [x
′
2, x
′
3] = x
′
5〉,
where x′1 = αx1 + βx2, x
′
2 = α
−1x2, x
′
3 = x3, x
′
4 = αx4 + βx5, x
′
5 = α
−1x5 . Let φ : K9 → K given
by xi 7→ x
′
i , for 1 6 i 6 5. It is easy to see that φ is an isomorphism. Therefore, in this case we
can suppose that x
[p]
4 = 0. If α = 0 then β 6= 0 and we rescale x5 so that x
[p]
5 = 0. Hence we can
assume either x
[p]
4 = 0 or x
[p]
5 = 0. Furthermore, we claim that it is enough to consider the case where
x
[p]
5 = 0. Indeed, suppose that there exists a p-map of L5,9 such that x
[p]
4 = 0. Then the image of
the xi ’s under the following automorphism of L5,9 yields another basis yi of L5,9 such that y
p]
5 = 0:
0 1 0 0 0
1 0 0 0 0
0 0 −1 0 0
0 0 0 0 −1
0 0 0 −1 0
 .
Now we let
L =
L5,9
〈x5〉F
∼= L4,3,
132
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where L4,3 = 〈x1, . . . , x4 | [x1, x2] = x3, [x1, x3] = x4〉 . The group Aut(L) consists of invertible
matrices of the form 
a11 0 0 0
a21 a22 0 0
a31 a32 d 0
a41 a42 a11a32 a11d
 ,
where d = a11a22 .
Lemma 8.0.2 Let K = L5,9 and [p] : K → K be a p-map on K such that x
[p]
5 = 0 and let L =
K
M
where M = 〈x5〉F . Then K
∼= Lθ where θ = (∆23, ω) ∈ Z
2(L,F) .
Proof. Let π : K → L be the projection map. We have the exact sequence
0→M → K → L→ 0.
Let σ : L→ K such that xi 7→ xi , 1 6 i 6 4. Then σ is an injective linear map and πσ = 1L . Now,
we define φ : L × L→M by φ(xi, xj) = [σ(xi), σ(xj)] − σ([xi, xj ]) , 1 6 i, j 6 4 and ω : L→M by
ω(x) = σ(x)[p] − σ(x[p]). Note that
φ(x2, x3) = [σ(x2), σ(x3)]− σ([x2, x3]) = [x2, x3] = x5;
φ(x1, x2) = [σ(x1), σ(x2)]− σ([x1, x2]) = 0.
Similarly, we can show that φ(x1, x3) = φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0. Therefore, φ = ∆23 .
Now, by Lemma 2.2.2, we have θ = (∆23, ω) ∈ Z
2(L,F) and K ∼= Lθ . 
We deduce that any p-map on K can be obtained by an extension of L via θ = (∆23, ω), for some
ω .
Note that by Theorem 2.3.2, there are four non-isomorphic restricted Lie algebra structures on
L4,3 given by the following p-maps:
I.1 Trivial p-map;
I.2 x
[p]
1 = x4 ;
I.3 x
[p]
2 = ξx4 ;
I.4 x
[p]
3 = x4 .
In the following subsections we consider each of the above cases and find all possible [θ] = [(φ, ω)] ∈
H2(L,F) and construct Lθ . Note that by Lemma 8.0.2, it suffices to assume [θ] = [(∆23, ω)] and find
all non-isomorphic restricted Lie algebra structures on L5,9 .
8.1 Extensions of (L, trivial p-map)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4);
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
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Thus, we get e = f = 0. Since the p-map is trivial, φ(x, y[p]) = φ(x, 0) = 0, for all x, y ∈ L .
Therefore, a basis for Z2(L,F) is as follows:
(∆12, 0), (∆13, 0), (∆14, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12+ b∆13+ c∆14+d∆23, αf1+βf2+γf3+ δf4). So, there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Similarly, we can show that d = 0. Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = γ = δ = 0. Therefore, (φ, ω) = (a∆12 + b∆13, 0) and hence
B2(L,F) = 〈(∆12, 0), (∆13, 0)〉F . We deduce that a basis for H
2(L,F) is as follows:
[(∆14, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f3)], [(0, f4)].
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆14 + b∆23 , for some a, b ∈ F . Suppose that Aφ =
a′∆14 + b
′∆23 , for some a
′, b′ ∈ F . We determine a′, b′ . Note that
Aφ(x1, x4) =φ(Ax1, Ax4) = φ(a11x1 + a21x2 + a31x3 + a41x4, a11dx4) = a
2
11da;
Aφ(x2, x3) =φ(Ax2, Ax3) = φ(a22x2 + a32x3 + a42x4, dx3 + a11a32x4) = a22db.
In the matrix form we can write this as(
a′
b′
)
=
(
a211d 0
0 a22d
)(
a
b
)
. (8.2)
The orbit with representative
(
0
1
)
of this action gives us L5,9 .
Also we have ω = αf1 + βf2 + γf3 + δf4 , for some α, β, γ, δ ∈ F . Suppose that Aω = α
′f1 +
β′f2 + γ
′f3 + δ
′f4 , for some α
′, β′, γ′, δ′ ∈ F . We have
Aω(x1) =ω(Ax1) = ω(a11x1 + a21x2 + a31x3 + a41x4) = a
p
11α+ a
p
21β + a
p
31γ + a
p
41δ;
Aω(x2) =a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =d
pγ + ap11a
p
32δ;
Aω(x4) =a
p
11d
pδ.
In the matrix form we can write this as
α′
β′
γ′
δ′
 =

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 dp ap11a
p
32
0 0 0 ap11d
p


α
β
γ
δ
 . (8.3)
Thus, we can write Equations (8.2) and (8.3) together as follows:
[
d
(
a211 0
0 a22
)
,

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 dp ap11a
p
32
0 0 0 ap11d
p
][(ab
)
,

α
β
γ
δ
] = [(a′b′
)
,

α′
β′
γ′
δ′
].
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Now we find the representatives of the orbits of the action of Autp(L) on the set of ω ’s such that the
orbit represented by
(
0
1
)
is preserved under the action of Autp(L) on the set of φ ’s.
Let ν =

α
β
γ
δ
 ∈ F4 . If ν =

0
0
0
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0.
Then
[(1 0
0 1
)
,

1 0 0 −α/δ
0 1 0 −β/δ
0 0 1 0
0 0 0 1
][(01
)
,

α
β
γ
δ
] =[(01
)
,

0
0
γ
δ
], and
[(
1 0
0 1
)
,

1 0 0 0
0 1 −γ/δ γ2/δ2
0 0 1 −γ/δ
0 0 0 1
][(01
)
,

0
0
γ
δ
] =[(01
)
,

0
0
0
δ
].
Hence the set of vectors

α
β
γ
δ
 with δ 6= 0 form an single orbit with orbit representative

0
0
0
δ
 .
Next, if δ = 0, but γ 6= 0, then
[(
1 0
0 1
)
,

1 0 −α/γ 0
0 1 −β/γ 0
0 0 1 −β/γ
0 0 0 1
][(01
)
,

α
β
γ
0
] = [(01
)
,

0
0
γ
0
], and
[
(1/γ)1/p
(
(1/γ)4/p 0
0 (1/γ)−1/p
)
,

γ−2 0 0 0
0 γ 0 0
0 0 1/γ 0
0 0 0 γ−3
][(01
)
,

0
0
γ
0
] = [(01
)
,

0
0
1
0
].
Next, if γ = δ = 0, but β 6= 0, then
[(1 0
0 1
)
,

1 −α/β 0 0
0 1 0 0
0 0 1 0
0 0 0 1
][(01
)
,

α
β
0
0
] = [(01
)
,

0
β
0
0
], and
[
β1/p
(
β4/p 0
0 β−1/p
)
,

β2 0 0 0
0 1/β 0 0
0 0 β 0
0 0 0 β3
][(01
)
,

0
β
0
0
] = [(01
)
,

0
1
0
0
].
Finally, if β = γ = δ = 0, but α 6= 0, then we have
[(
0
1
)
,

α
0
0
0
] .
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Thus the following elements are Autp(L)-orbit representatives:
0
0
0
0
 ,

α
0
0
0
 ,

0
1
0
0
 ,

0
0
1
0
 ,

0
0
0
δ
 .
Lemma 8.1.1 The vectors

0
0
0
δ1
 and

0
0
0
δ2
 are in the same Autp(L)-orbit if and only if δ2δ−11 ∈
(F∗)3 .
Proof. First assume that

0
0
0
δ1
 and

0
0
0
δ2
 are in the same Autp(L)-orbit. Then
[
d
(
a211 0
0 a22
)
,

ap11 a
p
21 a
p
31 a
p
41
0 ap22 a
p
32 a
p
42
0 0 dp ap11a
p
32
0 0 0 ap11d
p
][(01
)
,

0
0
0
δ1
] = [(01
)
,

0
0
0
δ2
].
From this we obtain that δ2 = a
p
11d
pδ1 and that da22 = 1 which gives that δ2δ
−1
1 = a
−3p
22 ∈ (F
∗)3 .
Assume next that δ2δ
−1
1 = ǫ
3 , with some ǫ ∈ F∗ . Then
[
ǫ1/p
(
(ǫ)4/p 0
0 (ǫ)−1/p
)
,

ǫ2 0 0 0
0 ǫ−1 0 0
0 0 ǫ 0
0 0 0 ǫ3
][(01
)
,

0
0
0
δ1
] = [(01
)
,

0
0
0
δ2
],
as required. 
Hence, the corresponding restricted Lie algebra structures are as follows:
K19 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉;
K29 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5〉;
K39 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = x5〉;
K49 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x5〉;
K59 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
4 = δx5〉
where α, δ ∈ F∗ .
Lemma 8.1.2 We have K29 (α1)
∼= K29(α2) if and only if α2α
−1
1 ∈ (F
∗)2 .
Proof. Let f = (aij) ∈ Aut(L5,9) and suppose that f : K
2
9 (α1)→ K
2
9(α2) is an isomorphism. Then
f(x
[p]
1 ) = f(x1)
[p] which implies that α1a11a
2
22x5 = α2a
p
11x5 . Hence, α1/α2 = a
p−1
11 a
−2
22 ∈ (F
∗)2 . To
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prove the converse, suppose that α1/α2 = ǫ
2 ∈ (F∗)2 . Then the following is an isomorphism from
K29 (α1) to K
2
9 (α2): 
ǫ2/p 0 0 0 0
0 ǫ−1/p 0 0 0
0 0 ǫ1/p 0 0
0 0 0 ǫ3/p 0
0 0 0 0 1
 .

The conditions on δ1 and δ2 such that K
5
9 (δ1)
∼= K59(δ2) reduces to the solutions of an algebraic
equation over F as the following lemma shows. However, by Lemma 8.1.1 if δ1/δ2 ∈ (F
∗)3 then
K59 (δ1)
∼= K59 (δ2).
Lemma 8.1.3 We have K59 (δ1)
∼= K59 (δ2) if and only if the equation δ1/δ2 = x
2p−1yp−2 has a
solution in F∗ .
Proof. Let f = (aij) ∈ Aut(L5,9) and suppose that f : K
5
9(δ1)→ K
5
9 (δ2) is an isomorphism. Then
f(x
[p]
4 ) = f(x4)
[p] which implies that δ1a11a
2
22x5 = δ2a
2p
11a
p
22x5 . Hence, δ1/δ2 = a
2p−1
11 a
p−2
22 . 
Corollary 8.1.4 If δ1/δ2 ∈ F
∗
p then K
5
9 (δ1)
∼= K59 (δ2) .
8.2 Extensions of (L, x
[p]
1 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4);
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get e = f = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x2, x3) = δ
1ψ(x2, x3) = ψ([x2, x3]) = 0.
Also, we have
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = ψ(x4), and
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = 0.
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Similarly, we can show that γ = δ = 0. Note that ψ(x4) = b = α . Therefore, (φ, ω) = (a∆12 +
b∆13, bf1) and hence B
2(L,F) = 〈(∆12, 0), (∆13, f1)〉F . Note that
[(∆13, 0)], [(∆23, 0)], [0, f1], [(0, f2)], [(0, f3)], [(0, f4)]
spans H2(L,F). Since [(∆13, 0)] + [(0, f1)] = [(∆13, f1)] = [0], then [(0, f1)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,
[(∆13, 0)], [(∆23, 0)], [(0, f2)], [(0, f3)], [(0, f4)]
forms a basis for H2(L,F).
Note that the group Aut(L) in this case consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 d 0
a41 a42 a11a32 a11d
 ,
where d = a11a22 and a11d = a
p
11 .
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆23 , for some a, b ∈ F . Suppose that
Aφ = a′∆13 + b
′∆23 for some a
′, b′ ∈ F . We determine a, b′ . Note that
Aφ(x1, x3) = φ(Ax1, Ax3) = φ(a11x1 + a21x2 + a31x3 + a41x4, dx3 + a11a32x4) = a11da+ a21db; and
Aφ(x2, x3) = φ(Ax2, Ax3) = φ(a22x2 + a32x3 + a42x4, dx3 + a11a32x4) = a22db.
In the matrix form we can write this as(
a′
b′
)
=
(
a11d a21d
0 a22d
)(
a
b
)
. (8.4)
The orbit with representative
(
0
1
)
of this action gives us L5,9 .
Also, we have ω = βf2 + γf3 + δf4 , for some β, γ, δ ∈ F . Suppose that Aω = β
′f2 + γ
′f3 + δ
′f4 ,
for some β′, γ′, δ′ ∈ F . We have
Aω(x2) =a
p
22β + a
p
32γ + a
p
42δ;
Aω(x3) =d
pγ + ap11a
p
32δ;
Aω(x4) =a
p
11d
pδ.
In the matrix form we can write this asβ′γ′
δ′
 =
ap22 ap32 ap420 dp ap11ap32
0 0 ap11d
p
βγ
δ
 . (8.5)
Thus, we can write Equations (8.4) and (8.5) together as follows:
[(
a11d a21d
0 a22d
)
,
ap22 ap32 ap420 dp ap11ap32
0 0 ap11d
p
][(a
b
)
,
βγ
δ
] = [(a′
b′
)
,
β′γ′
δ′
].
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Now we find the representatives of the orbits of the action of Autp(L) on the set of ω ’s such that the
orbit represented by
(
0
1
)
is preserved under the action of Autp(L) on the set of φ ’s. Note that we
need to have Aω(x1) = 0 which implies that a
p
21β + a
p
31γ + a
p
41δ = 0.
Let ν =
βγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Autp(L)-orbit. Suppose that δ 6= 0.
Then [(
1 0
0 1
)
,
1 0 −β/δ0 1 0
0 0 1
][(0
1
)
,
βγ
δ
] = [(0
1
)
,
0γ
δ
], and
[(
1 0
0 1
)
,
1 −γ/δ γ2/δ20 1 −γ/δ
0 0 1
][(0
1
)
,
0γ
δ
] = [(0
1
)
,
00
δ
].
Next, if δ = 0, but γ 6= 0, then[(
1 0
0 1
)
,
1 −β/γ 00 1 −β/γ
0 0 1
][(0
1
)
,
βγ
0
] = [(0
1
)
,
0γ
0
].
Finally, if γ = δ = 0, but β 6= 0, then we have
β0
0
 . Thus the following elements are Autp(L)-
orbit representatives:00
0
 ,
β0
0
 ,
0γ
0
 ,
00
δ
 .
Lemma 8.2.1 The vectors
β10
0
 and
β20
0
 are in the same Autp(L)-orbit if and only if β2/β1 = ǫ,
where ǫ2p−3 = 1 .
Proof. Let θ1 =
[(0
1
)
,
β10
0
] and θ2 = [(01
)
,
β20
0
] . Then θ1 and θ2 are in the same Autp(L)-
orbit if and only if there exists A = (aij) ∈ Autp(L) such that A · θ1 = θ2 . Equivalently, θ1 and θ2
are in the same Autp(L)-orbit if and only if there exists A = (aij) ∈ Autp(L) such that a11d = a
p
11
and [(
a11d a21d
0 a22d
)
,
ap22 ap32 ap420 dp ap11ap32
0 0 ap11d
p
][(0
1
)
,
β10
0
] = [(0
1
)
,
β20
0
].
Hence, θ1 and θ2 are in the same Autp(L)-orbit if and only if
β2 = a
p
22β1 (8.6)
da22 = 1⇔ a11 = a
−2
22 (8.7)
a11d = a
p
11 (8.8)
a21 = 0. (8.9)
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First, suppose that θ1 and θ2 are in the same Autp(L)-orbit and set ǫ = a
p
22 . Then, by Equations
(8.6) and (8.8), we have β2/β1 = a
p
22 = ǫ ∈ F
∗ . Furthermore, by Equations (8.7) and (8.8), a2p−322 = 1
and so ǫ2p−3 = 1. Conversely, suppose that β2/β1 = ǫ ∈ F
∗ , where ǫ2p−3 = 1. We let a22 =
ǫ1/p, a11 = a
−2
22 , and a21 = 0. Then we have
a11d = a
p
11 ⇔ a
2
11a22 = a
p
11 ⇔ a
−3
22 = a
−2p
22 ⇔ a
2p−3
22 = 1⇔ ǫ
2p−3 = 1.
It remains to verify that Equation (8.6) is satisfied. We have:
β2/β1 = ǫ = a
p
22,
as required. 
Lemma 8.2.2 The vectors
 0γ1
0
 and
 0γ2
0
 are in the same Autp(L)-orbit if and only if γ2/γ1 =
ǫ2, where ǫ2p−3 = 1 .
Proof. Let θ1 =
[(0
1
)
,
 0γ1
0
] and θ2 = [(01
)
,
 0γ2
0
] . Then θ1 and θ2 are in the same Autp(L)-
orbit if and only if there exists A = (aij) ∈ Autp(L) such that A · θ1 = θ2 . Equivalently, θ1 and θ2
are in the same Autp(L)-orbit if and only if there exists A = (aij) ∈ Autp(L) such that
[(a11d a21d
0 a22d
)
,
ap22 ap32 ap420 dp ap11ap32
0 0 ap11d
p
][(0
1
)
,
 0γ1
0
] = [(0
1
)
,
 0γ2
0
].
Hence, θ1 and θ2 are in the same Autp(L)-orbit if and only if
γ2 = d
pγ1 (8.10)
da22 = 1⇔ a11 = a
−2
22 (8.11)
a11d = a
p
11 (8.12)
a21 = a32 = 0. (8.13)
First, suppose that θ1 and θ2 are in the same Autp(L)-orbit and set ǫ = a
(p−1)/2
11 . Then, by Equations
(8.10) and (8.12), we have (γ2/γ1)
1/p = d = ap−111 = ǫ
2 ∈ (F∗)2 . Furthermore, by Equations (8.11)
and (8.12), a2p−322 = 1 and so ǫ
2p−3 = a
(p−1)(2p−3)/2
11 = a
(1−p)(2p−3)
22 = 1. Conversely, suppose that
γ2/γ1 = ǫ
2 ∈ (F∗)2 . We let a22 = ǫ
−2/p, a11 = a
−2
22 , and a21 = a32 = 0. Then we have
a11d = a
p
11 ⇔ a
2
11a22 = a
p
11 ⇔ a
−3
22 = a
−2p
22 ⇔ a
2p−3
22 = 1⇔ ǫ
2p−3 = 1.
It remains to verify that Equation (8.10) is satisfied. We have:
γ2/γ1 = ǫ
2 = a−p22 = (a11a22)
p = dp,
as required. 
Lemma 8.2.3 The vectors
 00
δ1
 and
 00
δ2
 are in the same Autp(L)-orbit if and only if δ2/δ1 = ǫ3,
where ǫ2p−3 = 1 .
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Proof. Let θ1 =
[(
0
1
)
,
 00
δ1
] and θ2 = [(01
)
,
 00
δ2
] . Then θ1 and θ2 are in the same Autp(L)-
orbit if and only if there exists A = (aij) ∈ Autp(L) such that A · θ1 = θ2 . Equivalently, θ1 and θ2
are in the same Autp(L)-orbit if and only if there exists A = (aij) ∈ Autp(L) such that
[(
a11d a21d
0 a22d
)
,
ap22 ap32 ap420 dp ap11ap32
0 0 ap11d
p
][(0
1
)
,
 00
δ1
] = [(0
1
)
,
 00
δ2
].
Hence, θ1 and θ2 are in the same Autp(L)-orbit if and only if
δ2 = a
p
11d
pδ1 (8.14)
da22 = 1⇔ a11 = a
−2
22 (8.15)
a11d = a
p
11 (8.16)
a21 = a32 = a42 = 0. (8.17)
First, suppose that θ1 and θ2 are in the same Autp(L)-orbit. Then, using Equation (8.15), we get
that ap11 = a
−2p
22 which using (8.15) and (8.16) implies that a
2p−3
22 = 1. Now, by (8.14) and (8.15) ,
we have
δ2/δ1 = (a11d)
p = (a211a22)
p = a−3p22 .
To prove the sufficiency, we let a22 = ǫ
−1/p, a11 = a
−2
22 , and a21 = a32 = a42 = 0. Then we have
a11d = a
p
11 ⇔ a
2
11a22 = a
p
11 ⇔ a
−3
22 = a
−2p
22 ⇔ a
2p−3
22 = 1⇔ ǫ
2p−3 = 1.
It remains to verify that Equation (8.14) is satisfied. We have:
δ2/δ1 = ǫ
3 = a−3p22 = (a11d)
p,
as required. 
Hence, the corresponding restricted Lie algebra structurs are as follows:
K69 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4〉;
K79(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5〉;
K89(γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
3 = γx5〉;
K99(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
4 = δx5〉
where β, γ, δ ∈ F∗ .
Lemma 8.2.1 provides us with some sufficient conditions as to when K79(β1)
∼= K79 (β2). Over the
prime field Fp we can say the following:
Lemma 8.2.4 Let β1, β2 ∈ F
∗
p . Then K
7
9 (β1)
∼= K79(β2) over Fp if and only if β1 = β2 .
Proof. Let f = (aij) ∈ Aut(L5,9), where aij ∈ Fp . Then f : K
7
9 (β1)→ K
7
9 (β2) is an isomorphism if
and only if
u = ap−111 , β1/β2 = a
p−1
22 u
−1 ∈ (F∗)2.
Thus, K79(β1)
∼= K79 (β2) if and only if β1 = β2 .

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Lemma 8.2.2 provides us with some sufficient conditions as to when K89(γ1)
∼= K89 (γ2) and a
characterization is given below:
Lemma 8.2.5 We have K89 (γ1)
∼= K89(γ2) if and only if γ1/γ2 = ǫ
p2−3p+3 , for some ǫ ∈ F∗ .
Proof. Let f = (aij) ∈ Aut(L5,9). Then f : K
8
9(γ1)→ K
8
9 (γ2) is an isomorphism if and only if
a12 = a21 = 0, u = a
p−1
11 , γ1/γ2 = u
p−1a−122 ,
which is equivallent to saying that γ1/γ2 = a
p2−3p+3
11 .

Lemma 8.2.3 provides us with some sufficient conditions as to when K99(δ1)
∼= K99(δ2) and a
characterization is given below:
Lemma 8.2.6 We have K99 (δ1)
∼= K99 (δ2) if and only if δ1/δ2 = ǫ
p2−2p+3 , for some ǫ ∈ F∗ .
Proof. Let f = (aij) ∈ Aut(L5,9). Then f : K
9
9(δ1)→ K
9
9 (δ2) is an isomorphism if and only if
a12 = a21 = 0, u = a
p−1
11 , δ1/δ2 =
(a11u)
p
a22u
,
which is equivalent to saying that δ1/δ2 = a
p2−2p+3
11 .

8.3 Extensions of (L, x
[p]
2 = ξx4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4);
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get e = f = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
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Also, we have
β = ω(x2) = ψ˜(x2) = ψ(x
[p]
2 ) = ξψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that γ = δ = 0. Note that ψ(x4) = b = βξ
−1 . Therefore, (φ, ω) =
(a∆12 + b∆13, bξf2) and hence B
2(L,F) = 〈(∆12, 0), (∆13, ξf2)〉F . Note that
[(∆13, 0)], [(∆23, 0)], [0, f1], [(0, f2)], [(0, f3)], [(0, f4)]
spans H2(L,F). Since [(∆13, 0)]+ ξ[(0, f2)] = [(∆13, ξf2)] = [0], then [(0, f2)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f3)], [(0, f4)]
forms a basis for H2(L,F).
The group Aut(L) consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 d 0
a41 a42 a11a32 a11d
 ,
where d = a11a22 , a21 = 0, and a11d = a
p
22 .
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆23 , for some a, b ∈ F . Suppose that
Aφ = a′∆13 + b
′∆23 for some a
′, b′ ∈ F . Then we have(
a′
b′
)
=
(
a11d a21d
0 a22d
)(
a
b
)
. (8.18)
The orbit with representative
(
0
1
)
of this action gives us L5,9 .
Also, we have ω = αf1 + γf3 + δf4 , for some α, γ, δ ∈ F . Suppose that Aω = α
′f1 + γ
′f3 + δ
′f4 ,
for some α′, γ′, δ′ ∈ F . We have
Aω(x1) = a
p
11α+ a
p
31γ + a
p
41δ;
Aω(x3) = d
pγ + ap11a
p
32δ;
Aω(x4) = a
p
11d
pδ.
In the matrix form we can write this asα′γ′
δ′
 =
ap11 ap31 ap410 dp ap11ap32
0 0 ap11d
p
αγ
δ
 . (8.19)
Thus, we can write Equations (8.18) and (8.19) together as follows:
[(
a11d a21d
0 a22d
)
,
ap11 ap31 ap410 dp ap11ap32
0 0 ap11d
p
][(a
b
)
,
αγ
δ
] = [(a′
b′
)
,
α′γ′
δ′
] (8.20)
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Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by
(
0
1
)
is preserved under the action of Aut(L) on the set of φ ’s. Note that we
need to have Aω(x2) = 0 which implies that a
p
32γ + a
p
42δ = 0.
Let ν =
αγ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Aut(L)-orbit. Suppose that δ 6= 0.
Then [(1 0
0 1
)
,
1 0 −α/δ0 1 0
0 0 1
][(0
1
)
,
αγ
δ
] = [(0
1
)
,
0γ
δ
], and
[(1 0
0 1
)
,
1 0 00 1 −γ/δ
0 0 1
][(0
1
)
,
0γ
δ
] = [(0
1
)
,
00
δ
].
Next, if δ = 0, but γ 6= 0, then
[(
1 0
0 1
)
,
1 −α/γ 00 1 0
0 0 1
][(0
1
)
,
αγ
0
] = [(0
1
)
,
0γ
0
]
[(
1 0
0 1
)
,
1 −α/γ 00 1 0
0 0 1
][(0
1
)
,
αγ
0
] = [(0
1
)
,
0γ
0
]
Finally, if γ = δ = 0, but α 6= 0, then we get
α0
0
 .
Thus the following elements are Aut(L)-orbit representatives:00
0
 ,
α0
0
 ,
0γ
0
 ,
00
δ
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K109 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4〉;
K119 (ξ, α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5, x
[p]
2 = ξx4〉;
K129 (ξ, γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
3 = γx5〉;
K139 (ξ, δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
4 = δx5〉,
where α, γ, δ, ξ ∈ F∗ .
Lemma 8.3.1 Let a, b ∈ Fp and suppose a 6= 0 . Then the equation x
2 − ay2 = b has a solution in
Fp .
Proof. Consider the two sets A = {x2 | x ∈ Fp} and B = {ay
2 + b | y ∈ Fp} . Since a 6= 0, both sets
have p+12 elements. Indeed, let {a1, . . . , ap−1} be the nonzero elements of Fp . Then a
2
i ≡ (p− ai)
2
mod p , for every1 6 i 6 p− 1. Therefore, all quadratic residues must be among
a21, . . . , a
2
p−1
2
.
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Now, we prove that the above elements are distinct. For this, suppose that a2i ≡ a
2
j mod p , for
1 6 i, j 6 p−12 . Then, we have (ai − aj)(ai + aj) ≡ 0 mod p , which implies that either ai − aj ≡ 0
mod p , or ai + aj ≡ 0 mod p . Note that if ai + aj ≡ 0 mod p , then p− ai ≡ ai ≡ −aj mod p ,
and hence ai−aj ≡ p ≡ 0 mod p , which lead us to ai ≡ aj ≡ 0 mod p , a contradiction. Therefore,
ai − aj ≡ 0 mod p , and so ai ≡ aj mod p . So, the number of elements of A is
p+1
2 . Note that
we can easily define a bijection from set A to set B and hence the number of elements of B is also
p+1
2 . So, the sets A and B must overlap and hence a solution exists. 
Lemma 8.3.2 Let ξ1, γ1, ξ2, γ2 ∈ Fp . Then K
11
9 (ξ1, α1) and K
11
9 (ξ2, α2) are isomorphic over Fp if
and only if ξ2ξ1
α1
α2
∈ (F∗p)
2
Proof. Let f = (aij) ∈ Aut(L5,9), where aij ∈ Fp . Then f : K
11
9 (δ1)→ K
11
9 (δ2) is an isomorphism
if and only if
a11uξ1 = ξ2a22; (8.21)
a12uα1 = ξ2a21; (8.22)
a21uξ1 = α2a12; (8.23)
a22uα1 = α2a11. (8.24)
Hence, if K119 (ξ1, α1)
∼= K119 (ξ2, α2) then
ξ2
ξ1
α1
α2
= (a11a22 )
2 ∈ (F∗p)
2 . To prove the converse, suppose that
ξ2
ξ1
α1
α2
= ǫ2 , for some ǫ ∈ F∗p . Note that by Lemma 8.3.1, the equation
x2 −
ξ1
α1
y2 =
α2
α1
(8.25)
has a solution in Fp . Now, we take a11 = ǫx , a21 = y , and set
a22 =
a11
ǫ
, a12 =
ξ1
α1
ǫa21. (8.26)
Then, u = a11a22 − a12a21 = ǫ
α2
α1
and we can verify that Equations (8.21)-(8.24) are satisfied. Thus,
K119 (ξ1, α1)
∼= K119 (ξ2, α2). The proof is complete.

Lemma 8.3.3 Let ξ1, γ1, ξ2, γ2 ∈ Fp . Then, K
12
9 (ξ1, γ1) and K
12
9 (ξ2, γ2) are isomorphic over Fp if
and only if ξ1/ξ2 = ǫ
2 , for some ǫ ∈ F∗p .
Proof. Let f = (aij) ∈ Aut(L5,9). Then f : K
12
9 (ξ1, γ1)→ K
12
9 (ξ2, γ2) is an isomorphism if and only
if
a12 = a21 = 0
a11uξ1 = ξ2a22 (8.27)
a22uγ1 = γ2u. (8.28)
Hence, ξ1/ξ2 =
1
a2
11
and γ1/γ2 =
1
a22
. The necessity is now clear. For sufficiency, we note that a11 is
determined by the ratio ξ1/ξ2 and a22 is determined from the equation γ1/γ2 =
1
a22
. 
Lemma 8.3.4 Let ξ1, γ1, ξ2, γ2 ∈ Fp . Then, K
13
9 (ξ1, γ1) and K
13
9 (ξ2, γ2) are isomorphic over Fp if
and only if ξ1/ξ2 = ǫ
2 , for some ǫ ∈ F∗p .
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Proof. Let f = (aij) ∈ Aut(L5,9). Then f : K
13
9 (ξ1, δ1)→ K
13
9 (ξ2, δ2) is an isomorphism if and only
if
a12 = a21 = 0
a11uξ1 = ξ2a22
a22uδ1 = δ2a11u.
Hence, ξ1/ξ2 =
1
a2
11
and δ1/δ2 =
a11
a22
. The necessity is now clear. For sufficiency, we note that a11 is
determined by the ratio ξ1/ξ2 and then a22 is determined from the equation δ1/δ2 =
a11
a22
.

8.4 Extensions of (L, x
[p]
3 = x4)
First, we find a basis for Z2(L,F). Let (φ, ω) = (a∆12 + b∆13 + c∆14 + d∆23 + e∆24 + f∆34, αf1 +
βf2+γf3+δf4) ∈ Z
2(L,F). Then we must have δ2φ(x, y, z) = 0 and φ(x, y[p]) = 0, for all x, y, z ∈ L .
Therefore,
0 = (δ2φ)(x1, x2, x3) = φ([x1, x2], x3) + φ([x2, x3], x1) + φ([x3, x1], x2) = φ(x2, x4);
0 = (δ2φ)(x1, x2, x4) = φ([x1, x2], x4) + φ([x2, x4], x1) + φ([x4, x1], x2) = φ(x3, x4).
Thus, we get e = f = 0. Also, we have φ(x, y[p]) = 0. Therefore, φ(x, x4) = 0, for all x ∈ L and
hence φ(x1, x4) = φ(x2, x4) = φ(x3, x4) = 0 which implies that c = e = f = 0. Therefore, Z
2(L,F)
has a basis consisting of:
(∆12, 0), (∆13, 0), (∆23, 0), (0, f1), (0, f2), (0, f3), (0, f4).
Next, we find a basis for B2(L,F). Let (φ, ω) ∈ B2(L,F). Since B2(L,F) ⊆ Z2(L,F), we have
(φ, ω) = (a∆12 + b∆13 + c∆23, αf1 + βf2 + γf3 + δf4). Note that there exists a linear map ψ : L→ F
such that δ1ψ(x, y) = φ(x, y) and ψ˜(x) = ω(x), for all x, y ∈ L . So, we have
a = φ(x1, x2) = δ
1ψ(x1, x2) = ψ([x1, x2]) = ψ(x3), and
b = φ(x1, x3) = δ
1ψ(x1, x3) = ψ([x1, x3]) = ψ(x4), and
c = φ(x1, x4) = δ
1ψ(x1, x4) = ψ([x1, x4]) = 0.
Also, we have
γ = ω(x3) = ψ˜(x3) = ψ(x
[p]
3 ) = ψ(x4), and
α = ω(x1) = ψ˜(x1) = ψ(x
[p]
1 ) = 0.
Similarly, we can show that β = δ = 0. Note that ψ(x4) = b = γ . Therefore, (φ, ω) = (a∆12 +
b∆13, bf3) and hence B
2(L,F) = 〈(∆12, 0), (∆13, f3)〉F . Note that
[(∆13, 0)], [(∆23, 0)], [0, f1], [(0, f2)], [(0, f3)], [(0, f4)]
spans H2(L,F). Since [(∆13, 0)] + [(0, f3)] = [(∆13, f3)] = [0], then [(0, f3)] is an scalar multiple of
[(∆13, 0)] in H
2(L,F). Note that dimH2 = dimZ2 − dimB2 = 5. Therefore,
[(∆13, 0)], [(∆23, 0)], [(0, f1)], [(0, f2)], [(0, f4)]
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forms a basis for H2(L,F).
The group Aut(L) in this case consists of invertible matrices of the form
a11 0 0 0
a21 a22 0 0
a31 a32 d 0
a41 a42 a11a32 a11d
 ,
where d = a11a22 , a11d = d
p , and a31 = a32 = 0.
Let [(φ, ω)] ∈ H2(L,F). Then we have φ = a∆13 + b∆23 , for some a, b ∈ F . Suppose that
Aφ = a′∆13 + b
′∆23 for some a
′, b′ ∈ F . We determine a, b′ . Note that
Aφ(x1, x3) = φ(Ax1, Ax3) = φ(a11x1 + a21x2 + a31x3 + a41x4, dx3 + a11a32x4) = a11da+ a21db; and
Aφ(x2, x3) = φ(Ax2, Ax3) = φ(a22x2 + a32x3 + a42x4, dx3 + a11a32x4) = a22db.
In the matrix form we can write this as(
a′
b′
)
=
(
a11d a21d
0 a22d
)(
a
b
)
. (8.29)
The orbit with representative
(
0
1
)
of this action gives us L5,9 .
Also, we have ω = αf1 + βf2 + δf4 for some α, β, δ ∈ F . Suppose that Aω = α
′f1 + β
′f2 + δ
′f4 ,
for some α′, β′, δ′ ∈ F . We have
Aω(x1) = a
p
11α+ a
p
21β + a
p
41δ;
Aω(x2) = a
p
22β + a
p
42δ;
Aω(x4) = a
p
11d
pδ.
In the matrix form we can write this asα′β′
δ′
 =
ap11 ap21 ap410 ap22 ap42
0 0 ap11d
p
αβ
δ
 . (8.30)
Thus, we can write Equations (8.29) and (8.30) together as follows:
[(
a11d a21d
0 a22d
)
,
ap11 ap21 ap410 ap22 ap42
0 0 ap11d
p
][(a
b
)
,
αβ
δ
] = [(a′
b′
)
,
α′β′
δ′
].
Now we find the representatives of the orbits of the action of Aut(L) on the set of ω ’s such that the
orbit represented by
(
0
1
)
is preserved under the action of Aut(L) on the set of φ ’s. Note that we
need to have Aω(x3) = 0 which implies that a
p
11a
p
32δ = 0.
Let ν =
αβ
δ
 ∈ F3 . If ν =
00
0
 , then {ν} is clearly an Aut(L)-orbit. Suppose that δ 6= 0.
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Then [(1 0
0 1
)
,
1 0 −α/δ0 1 0
0 0 1
][(0
1
)
,
αβ
δ
] = [(0
1
)
,
0β
δ
], and
[(1 0
0 1
)
,
1 0 00 1 −β/δ
0 0 1
][(0
1
)
,
0β
δ
] = [(0
1
)
,
00
δ
].
Next, if δ = 0 but β 6= 0, then we have[(
1 0
0 1
)
,
1 0 00 1 −α/β
0 0 1
][(0
1
)
,
αβ
0
] = [(0
1
)
,
α0
0
],
Finally, if β = δ = 0, but α 6= 0, then we have
α0
0
 .
Thus the following elements are Autp(L)-orbit representatives:00
0
 ,
α0
0
 ,
00
δ
 .
Therefore, the corresponding restricted Lie algebra structures are as follows:
K149 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x4〉;
K159 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5, x
[p]
3 = x4〉;
K169 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x4, x
[p]
4 = δx5〉.
where α, δ ∈ F∗ .
Lemma 8.4.1 Let α1, α2 ∈ Fp . Then, K
15
9 (α1) and K
15
9 (α2) are isomorphic over Fp if and only if
α1/α2 = ǫ
2 , for some ǫ ∈ F∗p .
Proof. Let f = (aij) ∈ Aut(L5,9). Then f : K
15
9 (α1)→ K
15
9 (α2) is an isomorphism if and only if
a12 = a21 = 0
a22uα1 = α2a11
a11u = u.
Hence, a11 = 1 and α1/α2 = a
−2
22 ∈ (F
∗
p)
2 . To prove the converse, suppose that α1/α2 = ǫ
2 . We take
a11 = 1 and a22 = ǫ
−1 . 
Lemma 8.4.2 Let δ ∈ Fp . Then, K
16
9 (δ)
∼= K169 (1) .
Proof. We can take the following maps that yields the required automorphism K169 (δ)→ K
16
9 (1):
1 0 0 0 0
0 1/δ 0 0 0
0 0 1/δ 0 0
0 0 0 1/δ 0
0 0 0 0 1/δ2


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8.5 Detecting isomorphisms
The following is the list of all restricted Lie algebra structures on L5,9 and yet as we shall see below
we prove that some of them are isomorphic.
K19 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉;
K29 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5〉;
K39 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = x5〉;
K49 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x5〉;
K59 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
4 = δx5〉;
K69 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4〉;
K79 (β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5〉;
K89 (γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
3 = γx5〉;
K99 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
4 = δx5〉;
K109 (ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4〉;
K119 (α, ξ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5, x
[p]
2 = ξx4〉;
K129 (ξ, γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
3 = γx5〉;
K139 (ξ, δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
4 = δx5〉;
K149 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x4〉;
K159 (α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5, x
[p]
3 = x4〉;
K169 (δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x4, x
[p]
4 = δx5〉;
Note that we have the following isomorphisms:
0 1 0 0 0
−1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 −1 0
 : K39 → K69 , K49 → K149 ,
and 
0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 −1 0
 : K29 (α)→ K109 (α), K159 (α)→ K129 (α, 1).
Theorem 8.5.1 The list of all restricted Lie algebra structures on L5,9 , up to isomorphism, is as
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follows:
L15,9 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉;
L25,9(α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5〉;
L35,9 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = x5〉;
L45,9 = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x5〉;
L55,9(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
4 = δx5〉;
L65,9(β) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
2 = βx5〉;
L75,9(γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
3 = γx5〉;
L85,9(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = x4, x
[p]
4 = δx5〉;
L95,9(ξ, α) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
1 = αx5, x
[p]
2 = ξx4〉;
L105,9(ξ, γ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
3 = γx5〉;
L115,9(ξ, δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
2 = ξx4, x
[p]
4 = δx5〉;
L125,9(δ) = 〈x1, . . . , x5 | [x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5, x
[p]
3 = x4, x
[p]
4 = δx5〉.
In the remaining of this section we establish that the algebras given in Theorem 8.5.1 are pairwise
non-isomorphic, thereby completing the proof of Theorem 8.5.1.
It is clear that L15,9 is not isomorphic to the other restricted Lie algebras. We claim that L
2
5,9(α)
and L35,9 are not isomorphic. Suppose to the contrary that there exists an isomorphism A : L
2
5,9(α)→
L35,9 . Then A(x
[p]
1 ) = A(x1)
[p] . So,
A(αx5) = (a11x1 + a21x2 + a31x3 + a41x4 + a51x5)
[p]
αa12ux4 + αa22ux5 = a
p
11x
[p]
1 + a
p
21x
[p]
2 + a
p
31x
[p]
3 + a
p
41x
[p]
4 + a
p
51x
[p]
5
αa12ux4 + αa22ux5 = a
p
21x5,
which implies that αa12u = 0. Since u 6= 0, α 6= 0, we have a12 = 0. Thus, u = a11a22 . Also, we
have
A(x
[p]
2 ) =A(x2)
[p]
0 =(a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 =ap22x5,
which implies that a22 = 0. Therefore u = 0, which is a contradiction.
Next, We claim that L25,9(α) and L
4
5,9 are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L25,9(α)→ L
4
5,9 . Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upx5.
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Therefore, u = 0, which is a contradiction.
Next, we claim that L25,9(α) and L
5
5,9(δ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L25,9(α)→ L
5
5,9(δ). Then A(x
[p]
4 ) = A(x4)
[p] . So,
0 =(a11ux4 + a21ux5)
[p]
0 =ap11u
pδx5,
which implies that αp11u
pδ = 0. Since u 6= 0, δ 6= 0, we have a11 = 0. Thus, u = −a12a21 . Also, we
have
A(x
[p]
5 ) =A(x5)
[p]
0 =(a12ux4 + a22ux5)
[p]
0 =ap12u
pδx5,
which implies that ap12u
pδ = 0. Since u 6= 0, δ 6= 0, we have a12 = 0. Therefore u = 0, which is a
contradiction.
It is clear that L25,9(α) is not isomorphic to the other restricted Lie algebras.
Next, We claim that L35,9 and L
4
5,9 are not isomorphic. Suppose to the contrary that there exists
an isomorphism A : L35,9 → L
4
5,9 . Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upx5.
Therefore, u = 0, which is a contradiction.
Next, we claim that L35,9 and L
5
5,9(δ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L35,9 → L
5
5,9(δ). Then A(x
[p]
4 ) = A(x4)
[p] . So,
0 =(a11ux4 + a21ux5)
[p]
0 =ap11u
pδx5,
which implies that αp11u
pδ = 0. Since u 6= 0, δ 6= 0, we have a11 = 0. Thus, u = −a12a21 . Also, we
have
A(x
[p]
5 ) =A(x5)
[p]
0 =(a12ux4 + a22ux5)
[p]
0 =ap12u
pδx5,
which implies that ap12u
pδ = 0. Since u 6= 0, δ 6= 0, we have a12 = 0. Therefore u = 0, which is a
contradiction.
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It is clear that L35,9 is not isomorphic to the other restricted Lie algebras.
Next, we claim that L45,9 and L
5
5,9(δ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L45,9 → L
5
5,9(δ). Then A(x
[p]
4 ) = A(x4)
[p] . So,
0 =(a11ux4 + a21ux5)
[p]
0 =ap11u
pδx5,
which implies that αp11u
pδ = 0. Since u 6= 0, δ 6= 0, we have a11 = 0. Thus, u = −a12a21 . Also, we
have
A(x
[p]
5 ) =A(x5)
[p]
0 =(a12ux4 + a22ux5)
[p]
0 =ap12u
pδx5,
which implies that ap12u
pδ = 0. Since u 6= 0, δ 6= 0, we have a12 = 0. Therefore u = 0, which is a
contradiction.
It is clear that L45,9 and L
5
5,9(δ) are not isomorphic to the other restricted Lie algebras.
Next, We claim that L65,9(β) and L
7
5,9(γ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L65,9(β)→ L
7
5,9(γ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upγx5.
Therefore, u = 0, which is a contradiction.
Note that L65,9(β) is not isomorphic to any of L
8
5,9(δ), L
11
5,9(ξ, δ), L
12
5,9(δ) because (L
6
5,9(β))
[p]2 = 0
but (L85,9(δ))
[p]2 6= 0, (L115,9(ξ, δ))
[p]2 6= 0, (L125,9(δ))
[p]2 6= 0.
We shall compare L65,9(β) and L
9
5,9(α, ξ) in Lemma 8.5.2.
Next, We claim that L65,9(β) and L
10
5,9(ξ, γ) are not isomorphic. Suppose to the contrary that
there exists an isomorphism A : L65,9(β)→ L
10
5,9(ξ, γ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upγx5.
Therefore, u = 0, which is a contradiction.
Note that L75,9(γ) is not isomorphic to any of L
8
5,9(δ), L
11
5,9(ξ, δ), L
12
5,9(δ) because (L
7
5,9(γ))
[p]2 = 0
but (L85,9(δ))
[p]2 6= 0, (L115,9(ξ, δ))
[p]2 6= 0, (L125,9(δ))
[p]2 6= 0.
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Next, We claim that L75,9(γ) and L
9
5,9(α, ξ) are not isomorphic. Suppose to the contrary that
there exists an isomorphism A : L95,9(α, ξ)→ L
7
5,9(γ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upγx5.
Therefore, u = 0, which is a contradiction.
Next, We claim that L75,9(γ) and L
10
5,9(ξ, γ) are not isomorphic. Suppose to the contrary that
there exists an isomorphism A : L75,9(γ)→ L
10
5,9(ξ, γ). Then
A(x
[p]
2 ) =A(x2)
[p]
0 =(a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 =ap22ξx4 + a
p
32γx5,
which implies that ap22ξ = 0. Since ξ 6= 0, we have a22 = 0. Thus, u = −a12a21 . Also, we have
A(x
[p]
3 ) =A(x3)
[p]
A(γx5) =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
γa12ux4 + γa22ux5 =u
pγx5,
which imples that a12u = 0. Since u 6= 0, we have a12 = 0. Therefore, u = 0, which is a contradiction.
Note that L85,9(δ) is not isomorphic to any of L
9
5,9(α, ξ), L
10
5,9(ξ, γ) because (L
9
5,9(α, ξ))
[p]2 =
(L105,9(ξ, γ))
[p]2 = 0 but (L85,9(δ))
[p]2 6= 0.
Next, We claim that L85,9(δ) and L
11
5,9(ξ, δ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,9(δ)→ L
11
5,9(ξ, δ). Then
A(x
[p]
2 ) =A(x2)
[p]
0 =(a12x1 + a22x2 + a32x3 + a42x4 + a52x5)
[p]
0 =ap22ξx4 + a
p
42δx5,
which implies that ap22ξ = 0. Since ξ 6= 0, we have a22 = 0. Thus, u = −a12a21 . Also, we have
A(x
[p]
5 ) =A(x5)
[p]
0 =(a12ux4 + a22ux5)
[p]
0 =ap12u
pδx5,
which implies that ap12u
pδ = 0. Since u 6= 0, δ 6= 0, we have a12 = 0. Therefore, u = 0, which is a
contradiction.
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Next, We claim that L85,9(δ) and L
12
5,9(δ) are not isomorphic. Suppose to the contrary that there
exists an isomorphism A : L85,9(δ)→ L
12
5,9(δ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upx4 + (a11a32 − a31a12)
pδx5.
Therefore, u = 0, which is a contradiction.
Next, We claim that L95,9(α, ξ) and L
10
5,9(ξ, γ) are not isomorphic. Suppose to the contrary that
there exists an isomorphism A : L95,9(α, ξ)→ L
10
5,9(ξ, γ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upγx5.
Therefore, u = 0, which is a contradiction.
Note that L95,9(α, ξ) is not isomorphic to any of L
11
5,9(ξ, δ), L
12
5,9(δ) because (L
9
5,9(α, ξ))
[p]2 = 0
but (L115,9(ξ, δ))
[p]2 6= 0, (L125,9(δ))
[p]2 6= 0.
Note that L105,9(ξ, γ) is not isomorphic to any of L
11
5,9(ξ, δ), L
12
5,9(δ) because (L
10
5,9(ξ, γ))
[p]2 = 0 but
(L115,9(ξ, δ))
[p]2 6= 0, (L125,9(δ))
[p]2 6= 0.
Finally, We claim that L115,9(ξ, δ) and L
12
5,9(δ) are not isomorphic. Suppose to the contrary that
there exists an isomorphism A : L115,9(ξ, δ)→ L
12
5,9(δ). Then
A(x
[p]
3 ) =A(x3)
[p]
0 =(ux3 + (a11a32 − a31a12)x4 + (a21a32 − a31a22x5)
[p]
0 =upx4 + (a11a32 − a31a12)
pδx5.
Therefore, u = 0, which is a contradiction.
Lemma 8.5.2 Let β, α, ξ ∈ F∗p . Then L
6
5,9(β)
∼= L95,9(α, ξ) over Fp if and only if β = −1 and
ξ/α ∈ (F∗)2 .
Proof. Let f = (aij) ∈ Aut(L5,9), where aij ∈ Fp . Then f : L
6
5,9(β)→ L
9
5,9(α, ξ) is an isomorphism
if and only if
a11u = ξa21; (8.31)
βa12u = ξa22; (8.32)
a21u = αa11; (8.33)
βa22u = αa12. (8.34)
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First suppose that L65,9(β)
∼= L95,9(α, ξ). Then, Equations (8.31) and (8.32) imply that a11a22 =
a12a21β whereas Equations (8.33) and (8.34) imply that a11a22β = a12a21 . Hence, β
2 = 1. Thus,
(a11a22)
2 = (a12a21)
2 and since a11a22 6= a12a21 , we deduce that a11a22 = −a12a21 . So, β = −1.
Also, from Equations (8.31) and (8.33) we deduce that ξ/α = (a11a21 )
2 .
To prove the converse, suppose that ξ/α = ǫ2 and set a11 = −ξ/(2ǫ), a12 = ǫ, a21 = α/2, a22 = 1.
Then, we can see that all the Equations (8.31)-(8.34) are satisfied.

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